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Abstract 
Two materials, magnesium oxide and magnesium aluminate spinel, have been 
studied using the ab-initio methodology, density functional theory. In the case of 
MgO, energetics of a variety of point defects were considered. These defects were 
isolated Schottky and Frenkel defects and interstitial pairs, along with a number of 
Schottky defects and di-interstitials. Comparisons were made between the density 
functional theory results and results obtained from empirical potential simulations 
and these generally showed good agreement. Both methodologies predicted the 
first nearest neighbour Schottky defects to be the most energetically favourable 
of the considered Schottky defects and that the first, second, and fifth nearest 
neighbour di-interstitials were of similar energy and were favoured over the other 
di-interstitial configurations. Relaxed structures of the defects were analysed, 
which showed that empirical potential simulations were accurately predicting the 
displacements of atoms surrounding di-interstitials, but overestimated 0 atom 
displacement for Schottky defects. Transition barriers were computed for the 
defects using the nudged elastic band method. Vacancies and Schottky defects 
were found to have relatively high energy barriers, the majority of which were over 
2eV, in agreement with the conclusions reached using empirical potentials. The 
lowest barriers for di-interstitial transitions were found to be for migration into 
a first nearest neighbour configuration. Charges were calculated using a Bader 
analysis and this found negligible charge transfer during the defect transitions 
and only small changes in the charges on atoms surrounding defects, indicating 
why the fixed charge models work as well as they do. 
For the study of magnesium aluminate spinel, point and small cluster defects 
were studied in a similar manner as for the defects in MgO. Typical point de-
fects that occur during collision cascade simulations using empirical potentials are 
cation anti-site defects, which have a small formation energy and are very stable, 
ii 
o and Mg split interstitials and vacancies. Isolated Al interstitials were found 
to be energetically unfavourable but could occur as part of a split Mg-Al pair or 
as a three atom-three vacancy Al 'ring' defect, previously observed in collision 
cascades using empirical potentials. The structure and energetics of the defects 
were investigated using DFT and the results compared to simulations using em-
pirical potentials. It was found that empirical potential simulations overestimate 
formation energies, but that the type and relative stability of the defects are 
well-predicted. A mass-action analysis was carried out in order to estimate con-
centrations of defects and defect clusters in spine!. A small agreement was found 
between results computed using the ab-initio and empirical potential techniques. 
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Chapter 1 
Introduction 
Computer simulations are a useful tool to study the behaviour of materials under 
circumstances where it is not always feasible to perform experimental analysis. 
One particular area of interest is the study of radiation damage. This is partly 
because of the increasing usage of materials to store radioactive waste for long 
periods of time. It is therefore useful to construct a model that can simulate the 
behaviour of such materials when subjected to radiation. Possible candidates for 
radioactive waste storage are ceramics based on the MgO-A1203 system. 
There are a variety of models that are frequently used for the study ofradiation 
damage in materials. These models work over a range of time scales and system 
sizes, from small systems of dozens of atoms, which model very accurately, to 
much larger approximations of thousands of atoms. Of course, modelling a much 
larger system size comes with a price, and in this case, many approximations must 
be made in order to sufficiently simplify the system. It is therefore important 
to test the validity of these approximations and to check whether these larger 
simulations are accurately producing the desired results. In order to achieve 
this, one can use the more accurate ab-initio techniques, which rely on fewer 
prior assumptions and thus calculate results more accurately. Results generated 
from these simulations can then be used for either a comparison to, or to aid 
1 
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the creation of, a suitable empirical potential which can be utilised in the larger 
classical molecular dynamics models. 
The work in this thesis is concerned with the modelling of defects which 
might arise as a result of radiation damage within ionic materials. There are two 
main types of result which are presented in this thesis and these consist of defect 
energies and defect structures. The defect energetics allow an understanding into 
which of the defects are most likely to form. Previous studies have been carried 
out using many approximations, but this work mainly consists of utilising an 
ab-initio, or "first principles" methodology to compute the energies to a greater 
degree of accuracy than can be achieved using empirical potentials. 
Combining static energetics with the structures of the defects allows for com-
putation of displacement energies. Using the nudged elastic band method, barrier 
energies are calculated for transitions of the most favourable defect configurations. 
Diffusion of defects is an important concept, particularly over long time scales, as 
it is useful to determine the potential for annealing of defects, or whether defects 
aggregate into clusters and create dislocations, which ultimately may cause the 
properties of the material to greatly alter. 
Chapter 2 of this thesis is concerned with documenting previous studies that 
have been carried out on the two materials of interest, magnesium oxide, and 
magnesium aluminate spine!. Methodologies that have been utilised, along with 
relevant and interesting results and conclusions from other authors' work are 
highlighted. In chapter 3, the ab-initio methodology density functional theory 
(DFT) is introduced as it is this method which is utilised mostly throughout this 
work. Chapter 4 explains addition information about techniques used to carry 
out the analysis, specifically empirical potentials, nudged elastic band technique 
and Newton's method for solving systems of equations. 
The two materials which have been studied in this thesis are magnesium ox-
CHAPTER 1. INTRODUCTION 3 
ide and magnesium aluminate spinel and the DFT results for these are presented 
in chapters 5 and 6 respectively. This study of the material takes the form of 
computations of formation energies of defects that have been found to occur in 
cascade simulations using empirical potentials. For each defect, a series of calcu-
lations using a variety of supercells is carried out, which are created specifically 
to maximise the periodic repeat of the defect. The procedure for creating such 
efficient supercells is outlined in section 3.9. The converged DFT energies are 
then compared with the energies obtained using empirical potentials. 
In addition to the eriergetics, the relaxed structures of the defects are also 
observed using both empirical potentials and the ab-initio methodology. The 
motivation behind this study is to develop an understanding of radiation tolerance 
and, as such, it is necessary to gauge the accuracy and reliability of using an 
empirical potential model, since this is currently the only feasible approach to 
large scale modelling. Transitions between the commonly occuring defects are 
considered, again using both methodologies, as this helps gain an insight into 
any potential defect diffusion within the material over larger time scales. A short 
Bader analysis is carried out at the end of each of the chapters, which evaluates the 
charge present within MgO and the spinel system. This is useful for comparative 
purposes with the fixed charge model. The final chapter of this thesis highlights 
the main conclusions found from this work and also indicates a selection of ideas 
for a continuation. 
Chapter 2 
Background 
The modelling of materials using computer simulations has been carried out over 
many years. As a result of improved computing power, these simulations have 
become more advanced over the past few years. One area of interest is the mod-
elling of long-term behaviour of materials when subjected to radiation damage. 
A reason for this is due to the increasing need to use a material to encapsulate 
radioactive waste safely. This requires a knowledge of the behaviour of the ma-
terials over very long timescales in order to establish what will happen to defects 
within the material. Defects present within the material could either anneal or 
move to form objects such as interstitial or vacancy clusters or dislocation loops, 
which could change the properties of the material. Some materials will have more 
resistance to this behaviour than others. 
A small amount of work has been carried out in the past two decades using 
both empirical potential and ab-initio modelling techniques on magnesium oxide 
(MgO). MgO is a chosen material because of several reasons. It has a relatively 
simple crystal structure, and so is easier to model than more complicated oxides. 
Due to the amount of work that has been previously carried out on MgO, it now 
has well-understood properties. Because of the quantity of previous work and 
simplicity of the structure, it allows an easy verification of any results gener-
4 
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ated using new or different modelling techniques. These results are then utilised 
for further investigations on more complicated naturally occuring or specifically 
'constructed' materials. 
Ab-initio studies have been relatively limited in terms of the size of systems 
that have been considered, but are advantageous as they generally produce more 
accurate results, due to fewer assumptions made within the model. Many ab-
initio studies focus upon computations of the energetics of point defects. Point 
defects are locations within the lattice structure of a material where an atom is 
either removed from a lattice site (a vacancy), or is placed in an irregular place 
(an interstitial). These defects are important as they produce interesting optical 
and electrical properties in oxides. For example, one such area of importance is 
electrical conductivity, as this is primarily determined by defect diffusion. An 
accurate assessment of defect energetics is therefore a necessity when considering 
an oxide such as MgO. 
A 1992 study by Vita et al. [1,2] used the Hartree-Fock computer code CRYS-
TAL to compute defect energies of a Schottky pair of isolated point defects (one 
magnesium vacancy and one oxygen vacancy). Using two relatively small super-
cells of sizes 16 and 32 atoms, the authors computed formation energies of 7.784 
and 6.884 e V. They went on to calculate activation energies for defect migration 
within the material. Results they computed indicated that the migration energy 
for a magnesium vacancy was 2.393 eV whereas the value is 2.481 eV for oxygen 
vacancy diffusion. The results presented in these authors' work are somewhat 
limited by today's standards because of the small system sizes. The difference 
in energy of 0.9 e V between the two sizes of supercell they considered indicates 
that the energy is probably not converged with respect to the system size. This 
is particularly true of the migration energies which were considered for a cell of 
32 atoms. It is still, however, a good indication that isolated vacancies appear 
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immobile at room temperature. 
Relaxed structures of defects are important to study as these give an initial 
insight into the potential nature of defect diffusion. They also allow another 
comparison between modelling methodologies when determining the accuracy of 
predictions. A DFT study by Jackson et al. [3] presented computations of the 
electronic and structural properties of an F -centre in MgO (F + and F -centres 
are oxygen vacancies with one or two trapped electrons respectively). Their 
results showed an inward relaxation by 1.3 % of the lattice constant of the nearest 
neighbour oxygen atoms. They also compared their findings with experimental 
observations and this indicated good agreement. This trend is found throughout 
previous work, where surrounding atoms of the same species as the defect are 
attracted towards the vacant site. Wang and Holzwarth [4], who studied the 
energetics of a variety of F -centres using DFT, also computed the displacements 
surrounding oxygen vacancies finding that the displacements of the surrounding 
atoms were up to 2% of the lattice constant in a similar fashion to that in the 
study by Jackson et al. [3]. 
The charges of defects are also important to consider especially for F-centres in 
MgO. The additional electrons present creates a negative charge for the vacancy. 
Empirical potential simulations on MgO frequently employ a fixed or partial 
charge model. This ignores any potential fluctuations in the charge of atoms on 
or around defect sites. A semi-empirical study by Kotomin et al. [5] using the 
intermediate neglect of differential overlap (INDO) fixed charge model was carried 
out in 1996. This study consisted of computations of energetics and charges of 
oxygen vacancies within MgO using the computer code SYM-SYM. The authors 
studied charges on atoms surrounding the vacancies and found that in the ground 
state, charges on magnesium atoms ranged from 1.808 to 1.838 and on oxygen 
atoms ranged from -1.835 to -1.819 around the defect. These values compared to 
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the charge of 1.831 and -1.829 for magnesium and oxygen atoms respectively in 
a perfect cell thus implying that a fixed charge model is a feasIble approximation 
when modelling defect behaviour in MgO due to the very small deviation from 
this value during the simulation. It is also of interest to note that they also 
went on to calculate diffusion energy barriers for F -centres and found these to be 
2.50, 2.72 and 3.13 eV for standard oxygen vacancies, F+ centres and F-centres 
respectively thus concluding that oxygen vacancies are relatively immobile within 
magnesium oxide. 
Later work by Henkelman et al. [6J displayed the convergence of transition 
barrier energies with respect to system size. Here they found that converged 
barrier energies for a direct interstitial atom hop are overestimated by only 0.3 
eV for the case of 4 x 4 x 4 repeat of a standard 2 atom MgO unit, when compared 
to larger systems with a converged fO)'mation. energy. This indicates that simple 
transitions, such as this direct hop, can be studied in relatively small system 
sizes. It is noted that there is a 4% overestimate for the transition barrier energy 
for more complicated exchange mechanisms. This is due to the greater number 
of atoms involved in the transitions and as such the surrounding atoms are also 
involved in the relaxation to a greater degree. This study indicated that the 
empirical potential is predicting the ab-initio computed energetics to an accurate 
level for the simple defects considered. 
A study by Grimes et al. [7J was carried out in order to compare Mott-
Littleton results with those generated using quantum mechanical procedures. 
This work indicates discrepancies between the techniques, in particular, com-
puted formation energies of magnesium vacancies differ by over 5 e V between 
the two methodologies. The authors concluded that the differences could be due 
to the way that the polarisation is handled by each method. However, both 
methodologies predicted a similar relaxation distance of atoms surrounding the 
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vacancies. 
A greater amount of study of MgO has been carried out using empirical po-
tential simulations. A Buckingham potential, along with the standard Coulomb 
potential for long range interactions, has been utilised for many of these studies. 
Work by Uberuaga et al. [8, 9, 10, 11] has focussed on modelling the dynamics 
of defects in MgO as they evolve over long timescales. They simulated collision 
cascades in the material, by assigning a high energy to a single ion (known as 
the "knock-on atom") and performing classical molecular dynamics to determine 
the remaining defects at the end of the ballistic phase. Temperature accelerated 
dynamics (TAD) was also used to determine migration barriers for defects, for 
transitions occurring over long time scales. Low temperature dynamics of the 
system were obtained by extrapolating data collected when assuming a higher 
temperature (which gives rise to faster dynamics). These studies indicate the 
types of defect that are frequently observed, and as such can be studied from an 
ab-initio perspective for comparisons of energetics and structures predicted by 
empirical potentials. Specifically, the authors found that the most common re-
maining defects were isolated vacancies, isolated interstitials, di-interstitials and 
Frenkel pairs. 
The cascade simulations using temperature accelerated dynamics (TAD) also 
employ the nudged elastic band (NEB) methodology to compute migration barri-
ers for all of the defects found within the computations. Resulting defects in these 
calculations are found to be di-interstitials, di-vacancies and Frenkel pairs. Cal-
culations of energy barriers using empirical potentials and TAD have shown that 
vacancies are immobile at room temperature, whereas both isolated interstitial 
atoms and di-interstitials can move through the material at room temperature. 
These observations have led to these key defects having been chosen as the sub-
ject of a more detailed ab-initio methodology, as presented in this thesis. The 
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ab-initio calculations can be used to provide reassurance of the empirical potential 
model, and also to indicate other potential behaviour that the TAD simulations 
may have missed. A more complex study would allow additional transitions to 
be considered besides the standard hopping mechanisms often presented in these 
previous pieces of work. 
In addition to static energetics, migration barriers have also been studied us-
ing the empirical potential method. Work by Henkelman et al. [6] has utilised 
both empirical potentials and DFT in order to compute defect migration on the 
MgO surface. Overally, a good agreement was found, with results between the 
methodologies differing by no more than 0.15 eV for both the Lewis/Catlow and 
Ball/Grimes parameterisation of the Buckingham potential. The only discrep-
ancy came from the oxygen atom exchange mechanism which showed that DFT 
indicated the migration barrier should be twice as large as that predicted by the 
potential. The work in this paper also showed that using a partial charge (1.7 
instead of 2.0) model did reduce this difference to below 0.3 eV. 
The second material studied is magnesium aluminate spinel (MgAb04)' The 
structure of magnesium aluminate spinel is much more complex than that of mag-
nesium oxide. Although this implies that the modelling of this material is more 
complicated, due to the relatively complex structure, it also implies that more 
mechanisms are available for a potential containment of and resistance to radia-
tion damage. For example, anti-site defects, which are exchanges of the cations 
(in this case, magnesium and aluminium), help to contain radiation damage. Two 
concepts are believed to be the cause of the high radiation tolerance, which have 
been observed in experiments. These are a high interstitial-vacancy recombi-
nation rate and the fact that the lattice can withstand a significant amount of 
anti-site disorder, which means the cations can swap sites, but will maintain the 
crystalline structure. This latter property has lead to a number of studies into 
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the energetics and effects, both short and long-term, of disordered spinel. 
Warren et al. [12, 13] modelled disordering in MgAlz04 at a variety of temper-
atures. Agreement of levels of disorder wit.h experimental results was noted and 
the model was utilised to determine thermodynamical properties expected at dif-
ferent temperatures beyond those studied via experimental means. The authors' 
DFT calculations were carried out using the Cambridge Edinburgh Total Energy 
Package (CETEP) and anti-site defects were· placed within a 56 atom supercell 
for these computations. Swapping a number of cations within the structure in a 
random manner indicated that the formation energies remained relatively small, 
even with 8 antisites in a local cluster. Energy increased from approximately 0.5 
e V (for the case of a single anti-site pair) to approximately 3 e V (for the case of 
eight anti-site pairs) in an almost linear fashion. Although this supercell appears 
quite small in size for a simulation containing 16 defects, these computations do 
indicate that the magnitudes of these anti-site cluster energies remain relatively 
small. Monte Carlo simulations were utilised and results were obtained for a 
range of temperatures from 0 to 4000 K. The number of antisites remained small 
for temperatures up to 900 K, but increased rapidly beyond that. Over half the 
lattice was found to be in a disordered state at approximately 2500 K. Experi-
mental data was previously obtained for temperatures up to 1700 K, and these 
results verified their model. 
When assessing a model's accuracy, a comparison between its predicted values 
and experimental data is often used. Ball et al. [14] used the lattice constant 
as a means to compare empirical potential simulations with experiment. By 
introducing a degree of disorder into the lattice, the effect on the predicted lattice 
constant was observed. Several methodologies were used and it was found that 
the lattice constant decreases with an increased level of disorder (decreasing from 
approximately 8.09 A for normal spinel down to 8.075 A for spinel containing 38% 
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inversion. The combined energy minimisation-Monte Carlo (CEMMC) technique 
showed an almost perfect agreement with experimental observations and also 
picked up on the non-linear fashion of the decrease of lattice constant with respect 
to the disorder parameter. 
Ab-initio methods are frequently used in order to ascertain the reliability of 
the empirical potentials that are used as a basis for studies using methodologies 
such as molecular dynamics and temperature accelerated dynamics. Also, it is 
important to note that due to the complex structure of spinel, there are many 
more different types of potential defects than for the simpler oxide MgO. One 
particular ab-initio study by Lodziana and Piechota [15] considered the diffusion 
of oxygen vacancies in spine!. The authors focussed on this particular aspect 
due to the fact that diffusion of oxygen vacancies determines reactivity or affects 
the structural stability of oxide materials, possibly leading to a phase transition. 
DFT was performed using the VASP package and supercells of size 56 atoms 
were used in all of their computations. They did, however, perform some ad-
dition computations in 112 atoms cells. The NEB method was used with eight 
intermediate states, and several mechanisms for oxygen diffusion were considered. 
The authors found that the barriers for oxygen atom diffusion were.4.3 eV and 
5.3 eV depending on the pathway of the transition and thus were both relatively 
large values indicating that oxygen vacancies are immobile within spine!. In ad-
dition to oxygen vacancies, it is of course of interest to study other types of defect 
using ab-initio techniques. Moriwake et al. [16] performed a small study using 
DFT and the generalized gradient approximation (GGA) to compute formation 
energies of aluminium vacancies within MgAI20 4 . A formation energy for the 
aluminium vacancy was found to be approximately 12 eV. 
One of the most recent ab-initio studies of the energetics of defects in MgAh04 
is that by Gupta in 2006 [17]. DFT along with the local density approximation 
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(LDA), approximated the MgAI20 4 system well with an estimate of the lattice 
parameter of 8.083 A and the internal u-parameter dictating the oxygen sublattice 
positioning of 0.387 (the fractional position of the oxygen atoms within the unit 
cell). Both of these values are in good agreement with experimental values. 
Energies of the lattice given degrees of inversion were of interest and it was shown 
that upon relaxation, the total energy of a fully inverted lattice was only 0.62 
eV, per formula unit of MgAI20 4, more than that of normal spine!. Also studied 
was the possibility of a displacement of the cations to the unoccupied octahedral 
sites. Following inversion, and a displacement of Al atoms to the unoccupied 
lattice sites, it was shown that this leads to the ideal value of 0.375 for the oxygen 
internal parameter (that is, oxygen atoms are located almost exactly upon lattice 
sites). At higher energies, this transition was shown to be favourable in the 
calculations and indicated a transition to a defective NaCI (Rocksalt) structure 
similar to that of MgO. 
Other relevant work to this thesis is presented in a series of articles by Smith 
et al. [18]' Bacorisen et al. [19, 20] and Uberuaga et al. [21] which concerns the 
modelling of defects in spinel structures using cascade simulations. These simu-
lations employ a Buckingham potential (along with a Coulombic interaction) and 
model the long term dynamics of the material using TAD. The main conclusion 
from these studies is that the predominant defects are anti-sites, magnesium and 
oxygen split interstitials and magnesium-aluminium split interstitials. It is due 
to these findings that these defects have been chosen as the subject of study for 
this thesis. 
A related area of interest is the study of a variety of similar materials to mag-
nesium aluminate spine!. Uberuaga et al. [21] considered not only MgAb04 but 
also half-inverse MgGa204 (magnesium galium spinel) and fully inverse Mg1n204 
(magnesium indium spinel). They utilised TAD and the kinetic Monte Carlo 
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(kMC) technique in the study and found that mobility of defects was generally 
fastest in normal magnesium aluminate spinel due to inversion trapping defects in 
the alternative spinels. In agreement with Lodziana and Piechote [15], they found 
that mobility is influenced severly by the level of cation disordering within the 
system (particular for the diffusion of oxygen vacancies). Unlike MgO, they find 
that magnesium vacancies have similar mobility to the magnesium interstitials 
within normal spine!. 
In conclusion, previous work appears to have been geared either towards dis-
ordering within the spinel structure from an ab-initio perspective or towards the 
studying of defect diffusion using classical molecular dynamics. The modelling of 
defects has taken a variety of different forms over the years. Each method has its 
advantages and disadvantages, specifically the accuracy and scale of the models. 
Ab-initio techniques provide a very accurate insight into energetics of very small 
systems containing fewer than 300 atoms whereas empirical potential simulations 
allow simulation of much larger systems. The work in this thesis utilises the 
ab-initio methodology to verify findings of those performing cascade simulations. 
Chapter 3 
Ab-Initio Theory 
In science, when describing a calculation using the term "ab-initio" it simply 
means "from first-principles" and this description is when the calculation relies 
only on fundamental laws and not on assumptions or results from special models. 
When referring to quantum mechanics modelling, the aim of the calculation is 
to find the total energy of a system of electrons and ions. This is useful as 
the majority of physical properties are directly related to the total energy or 
differences in total energies of systems. The total energy of a system can be 
found by solving a version of an equation originally proposed physicist Erwin 
Schriidinger in 1926 known as the time-independent Schriidinger's equation [22J. 
This is given in a simple form by 
Hw = EW, (3.1) 
where H is the Hamiltonian of the system and W is known as the wavefunction 
which describes the state of the system. The total energy in this equation is given 
by E. Inserting the Hamiltonian, gives 
[- 2n~ '\72 + V(r)] w(r) = EW(r), 
14 
(3.2) 
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where - ;~ \,72 is the kinetic energy operator (with n being Planck's constant di-
vided by 21T, m being the mass of the electron) and V(r) is the potential energy 
operator in a quantum mechanical environment. This equation is soluble ana-
lytically only for simple systems such as for a free electron problem (i.e. when 
V(r) = 0) or for a simple one-electron system as is the case for the hydrogen 
atom [23]. It is therefore necessary, in general, to solve the Schrodinger's equa-
tion (3.2) numerically. The following sections introduce a way of carrying out 
such a calculation by utilising density functional theory (DFT). 
3.1 Density Functional Theory 
It was in 1964 that Hohenberg and Kohn [24] proved that the total energy of an 
electron gas is a unique functional of the electron density, p(r). It was shown that 
for a given potential V(r), the ground-state energy of the interacting electron gas 
can be written as 
E = f V(r)p(r)dr + ~ f f PI~~~? drdr' + G[p(r)], 
where G[p(r)] is a universal functional of the density. It was shown that this 
expression is a minimum for a specific density. In 1965, Kohn and Sham [25] 
showed how it is possible to replace the many-electron problem by an exactly 
equivalent one-electron problem. The Kohn-Sham total-energy functional for a 
set of doubly occupied electronic states can be written as 
(3.3) 
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where E ion ({RI}) is the standard Coulomb energy associated with interactions 
among the nuclei at positions {RI}, Vion(r) is the total electron-ion potential, 
Exc[p(r)] is the exchange-correlation energy and finally, the electron density is 
given by 
DCC 
p(r) = 2 I: I 1{>i(r)12 , 
i 
where i ranges over the occupied states, the number of electrons in the system. 
Equation 3.3 is known as the Kohn-Sham energy functional. With ions in 
positions {RI}, the ground state of the system of electrons corresponds to the 
minimum of this energy functional. In order to find the minimal value, a set of 
wave functions, 'lj;i, must be found that solve the Kohn-Sham equations (3.4) in 
a self-consistent manner: 
where 'lj;i(r) is the wave function of state i, fi is the Kohn-Sham eigenvalue and 
VH(r) is the Hartree potential of electrons and is given by 
IT ( ) 2 J p(r') d ' YHr=e I I r . r - r' (3.5) 
The final term is the exchange-correlation potential, v"c(r) and this is expressed 
as the following functional derivative 
V ( ) _ 5Exc[p(r)] xc r - 5p(r) . (3.6) 
This exchange-correlation term needs to be approximated, and there are several 
means to express this. 
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3.2 Local Density Approximation 
It is necessary to find a way to approximate the exchange-correlation energy, Exc 
found in equation 3.6. The simplest way has been shown by Kohn and Sham [25] 
and is known as the local density approximation (LDA). In this approximation 
it is assumed that at a point, r, the exchange correlation energy per electron in 
the electron gas, exc, is the same as the exchange-correlation per ele.ctron in a 
homegeneous electron gas that has the same density as the electron gas at the 
point r. Therefore 
Exc[p(r)] = J exc(r)p(r)dr "" J e~~[p(r)]p(r)dr, (3.7) 
which means that the exchange-correlation potential in (3.4) becomes 
Vxc(r) = oExc[p(r)] "" -,8[,-,p(""r)-7e~,,;-~m...:..(r-,-,-)] 
op(r) 8p(r) (3.8) 
It simply remains to compute the homogeneous electron gas exchange-correlation 
energy, e~~m(r). The work in this thesis utilises this methodology. 
3.3 Periodic Supercells 
Periodic supercells are generally used in LDA calculations. A supercell is a volume 
of atoms and it is this volume that is effectively repeated through space (due to 
the application of periodic boundary conditions) that makes up the infinite bulk 
material that is to be considered within the model. A 2-dimensional schematic 
of a standard supercell containing a point defect is shown within the grey line in 
figure 3.1. 
The defect in the supercell (in this case an empty lattice site at the centre of the 
diagram) is surrounded by a region of bulk crystal and then periodic boundary 
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Figure 3.1: A simple example of the geometry of a supercell containing a point 
defect (vacancy) in a bulk solid. The grey line indicates the boundaries of the 
supercell. 
conditions are applied to the edge (grey line) of this supercell. This will lead 
to the calculation of the energy of a system containing an array of such point 
defects instead of the lone defect that was placed in the superceU. To solve this 
problem, enough bulk solid should be included within the supercell so that the 
defect's interactions with any images created from the application of periodic 
boundary conditions become inappreciable. To check that the magnitude of the 
defect-defect interaction is significantly small, the volume of the supercell may be 
increased until the computed defect energy has converged. Once this convergence 
has occured, it is safe to assume that the interaction between the defect and false 
images has been reduced to a negligible amount and thus the energy obtained is 
the true energy for the cell containing the sole point defect, as required. 
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3.4 Bloch's Theorem 
In 1928, Felix Bloch [26] proved that the eigenfunctions of the wave equation for 
a periodic potential are the product of a wavelike part exp( ik.r) multiplied by a 
function fnk(r) which is cell-periodic. Thus: 
(3.9) 
The cell periodic part of the wave function can be written using a basis set. It 
must satisfy the condition that 
fnk(r + R) = fnk(r), (3.10) 
where R is a lattice vector. Consider any k' = k + K that does not lie within 
the first Brillouin zone (here k lies within the first Brillouin zone and K is a 
. reciprocal lattice vector). Now 
Therefore moving outside of the first Brillouin zone is equivalent to a phase shift. 
This means that only the points that lie within the first Brillouin zone need to 
be considered. 
3.5 k-Point Sampling 
Bloch's theorem reduces the problem from calculating an infinite number of elec-
tronic wave functions to that of computing a finite number of electronic wave 
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functions at an infinite number of k points. Due to the fact that electronic wave 
functions are almost identical at k points that are very close together, it is possi-
ble to represent the wave functions over a region of k space by the wave functions 
at a single k point. This reduces the calculation from that which requires elec-
tronic states computed at an infinite number of k points to one that requires 
computations at only a finite number k points. 
Previous work [27] shows methods that have been devised in order to generate 
special sets of k points. These are devised in order to approximate the electronic 
potential and total energy of a system using a very small number of k points. 
Any inaccuracy in the total energy calculation due to the k point sampling may 
always be reduced by utilising a denser set of k points in the calculation. 
3.6 Pseudopotential Theory 
Due to the very strong potential in the core region, near the nucleus, the wave 
functions oscillate rapidly in this area, and this makes it difficult to expand the 
valance wave function in terms of basis functions. Since it is only the valence 
electrons that are of interest, due to the fact that it is these that play a more 
active role in chemical bonding and contribute to other solid-state properties 
more so than the core electrons, the. core electrons can essentially be removed 
(or replaced) from the calculation. This is done using Pseudopotential Theory 
[28, 29], which allows the strong electron-ion potential in the core region to be 
replaced by a much weaker potential (known as a pseudoptential). This allows 
the approximation of the valence wave functions by a smoother function in the 
core region, up to a cutoff re' The much simpler wave functions for the systems 
of valence electrons then need to be found. Figure 3.2 shows an ionic potential, 
a valence wave function and the corresponding pseudopotential and pseudo wave 
function. 
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Figure 3.2: All-electron and pseudoelectron (solid and dashed lines respectively) 
potentials and their corresponding wave functions. Z/r is a Coloumbic potential 
and re is the pseudopotential cutoff, determined in such a way that it provides 
a relatively accurate basis set as explained in section 5.3. The all-electron and 
pseudoelectron values are equivalent at re. This diagram has been modified from 
Payne et al. (30). 
3.7 Diagonalisation 
In order to calculate the ground state energy of a system of ions and electrons, 
the set of equations (3.4) need to be solved. This is done in a self consistent man-
ner. An initial guess for the density p(r) is made and this is used to construct 
the Hartree potential V H (r) and the exchange-correlation potential Vxc (r). The 
Kohn-Sham eigenstates can be obtained from first creating Hamiltonian matrices 
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for each of the included k points and then diagonalising these. The computed 
eigenstates will produce a different density, and this can be then used to re-
construct the potentials, thus repeating the procedure until the solutions are 
self-consistent. 
3.8 Relaxation of the System 
Previous sections have been interested in computing the total energy of a system 
where the atoms are held fixed. In order to perform a system relaxation, it is 
necessary to compute the forces present on the atoms. It is known that the force, 
F[, on an ion I is the negative of the derivative of the total system energy, E, 
with respect to the position, R[, of the ion, 
dE F[= ---. dR[ 
The total derivative in equation (3.11) may be expanded, 
F BE BE d'I/Ji BE d'l/Ji 
[ = - BR[ - 2: B1/Ji dR[ - 2: o'l/Ji dR[' 
, , 
(3.11) 
(3.12) 
where the superscript * denotes the complex conjugate [30]. Equation (3.12) 
shows that the force on an ion depends on the wave functions. Provided that 
each 1/Ji is an eigenstate of the Hamiltonian, the real physical force on the ion 
can simply be expressed using the partial derivative of the Kahn-Sham system 
energy with respect to the position of the ion. This result was shown by Hans 
Hellmann [31] and Richard Feynman [32] and is known as the Hellmann~Feynman 
force theorem. Thus, provided that each 1/Ji is an eigenstate of the Hamiltonian, 
BE F[ = ---. 
oR[ (3.13) 
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By moving the ions along the direction of the Heymann-Feynman forces, it 
is possible to find a local energy minimum of the system. This is 'carried out by 
computing the forces at each position and performing a standard minimisation 
algorithm until the forces are sufficiently small. It is important to note that in 
the calculation, any deviation of the electronic configuration from the ground 
state will cause the ions to fluctuate around their equilibrium positions. It is 
essential that the electronic configuration be relaxed closer to the ground state 
as the configuration of ions approaches the local energy minimum. 
3.9 Supercell Generation 
Section 3.3 indicated that when periodic boundary conditions are applied to a 
supercell of atoms, there is always the problem of interactions with the periodic 
repetitions of any defects introduced into the perfect cell. Since an array of defects 
is created instead of an isolated defect, it is better to use supercells that maximise 
the distance between the actual defect(s) and its/their periodic repeats .. Including 
more atoms in the supercell is one way to increase the separation between a defect 
and its images, however, this is not always feasible as the ab-initio computations 
are limited to a relatively small number of atoms. Instead, it is possible to create 
a variety of shapes of supercell, which all contain the same number of atoms, but 
may have different separation distances between the defects and images. 
A common methodology for testing for convergence is to perform the calcu-
lation first in a small, primitive or cubic unit cell of atoms and then increase 
the size of the computations by creating larger supercells with multiples of these 
smaller cells. The disadvantage of this is that the number of atoms within the 
calculation will increase rapidly. For example, in magnesium oxide, one may typ-
ically consider multiples of the 8 atom cubic unit cell. One could then consider 
a new supercell with made from a 2 x 2 x 2 repeat of this 8 atom cube. This 
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wou ld contaiJl 8 x (2 x 2 x 2) = 64 atoms. The next largest cube would be a 
cell conta ining 8 x (3 x 3 x 3) = 216 atoms and it can be seen t hat this number 
of atoms is now becoming qui te large for a DFT calculation. In fact, increasing 
from a mul tiple of n to n + 1 eight-atom wbic cells resul ts in an increase of 
8(n+ 1)3 - 8n3 = 8(n3 + 3n2 + 3n + 1) - 8n3 
= 8(3n2 + 3n + 1) atoms. 
Th is increase is quadratic in nature and thus it is di fficult to use asimple a.pproach 
such as this to generate the necessary variety of supercells required to adequately 
test for convergence. T his is partic ul arly t rue for calculations wit.h more t han a 
single defect in a cell. It is easy to sce that if, in magnesium oxide, repeats of 1.11 0 
tWO->'t Olll primit ive cell are consic\er('d , these wi ll generate a similar quadratically 
increas ing set of supercells. Figure 3.J shows the si"es of cel ls generated using 
repeats of the eight-atom cubic ccU a.nd the two-atom primiti ve cell. It can be 
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seen from this t hat t here are very few su percells created which contain between 
150 and 300 atoms. If a supercell were required that contained intermed iate 
quantit ies of atoms, another methodology needs to be considered. 
In this work, different supercell shapes are cons idered by ut ilising a method-
ology originally implemented in the computat ionaJ code CRYSTAL [33] bu t a lso 
developed separately here. This involves using a linear combina t ion of t he uni t 
cell vectors V" V2 and V3 to create a new set of vectors s" 52 and 53 , which are 
the vectors of t he newly constructed supercell. This is performed by using a 3 x 3 
transformation matrix , T. the elements of which determine the size and shape of 
t he resulting supercell. If 
T= 
tJ J tJ2 tJ3 
t 2J t22 t23 
t3J t32 t33 
(3.14) 
where t ij are integers for i,j = 1 ... 3, then the t hree supercell vectors are given 
by: 
s, = tll VI + tl2V2 + t1 3V3 , 
S2 = t2J V, + t22 V 2 + t23 V3 , 
S3 = t31 V, + t 32 V2 + t33 V3. 
(3.15) 
Here, the largest possible rallge of supercell sizes is gained from using the primitive 
cell vectors as vectors V1 , V2 and V3 . 
In order to gauge the efficiency of a par ticular supercell, S (k), created from 
vectors sik), s~k ) and s~k ) it is necessary to calculate the separation distance, D (k), 
that a defect placed in the cell has from its repeated images. If the defect is a 
simple point defect, such as an isolated interstitial or vacancy, t hen this is s imply 
a case of mini mising the modulus of a linear combination of the supercell vectors 
as shown in equation (3 .16) (with the exception of the trivial value of zero, which 
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represents the distance from t he defect to itself rather than to a periodic repeat). 
(3.16) 
where et, (3 and "f are integers. This assigns a value of D (k) to each supercell S (k ) 
that can be created . In order to compute the supercell 's efficiency, it is necessary 
to compute its volume, and therefore the number of atoms contained within the 
cell. If the initial unit cell contained n atoms, then t he supercell wi ll contain N (k) 
atoms as computed using: 
(3.17) 
Each supcrce ll now has a corresponding minimum scpamtion distance and quan-
ti ty of ,.toms. To use only the most effi cient supercells, it is necessary to consider 
supercclls which have a large value of D (k ) but a small value of N (k ) . 
The primi tive cell of magnesi um oxide contains two atoms and may be con-
structed using t he t hree symmetric primitive vectors [26] 
I ... 1 ... 
Vi = 2X + 2Y' 
I - 1-
V2 = 2X + 2Z, (3 .18) 
I - 1-
V 3 = 2Y + 2Z, 
where X, Y and z are standard uni t vectors in cartesian coordinates. By using 
all possible integer values between -3 and 3 for the matrix elements in 3.14 and 
substitut ing the t hree vectors (3. 18) into (3.15), it is possible to create supercells 
which are numbered k = 1 ... 79 Using equations (3. 16) and (3.17), figure 3.4 has 
been created which shows each of the supercells. The graph shows that a variety 
of both effi cient and inefficient cells are created . The more efficient cells are those 
near to the far left hand edge of any hor izontal line as these represent cells with 
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Figure 3.4: Graph showing the p7'Oper·ties of all of the possible supercells (md 
squares) created from a transformation matrit containing integer's - 3 ... 3. Cir-
cled squares may be created from a matrix containing integers - 2 ... 2. 
a mi nimum number of atoms for a given separation distance. The most effi cient 
supcrcells appear to be any repeats of the two-atom primit ive cell , as shown by 
t he blue line in figure 3.3. For t he repeats of the primitive cell , D = O.561 N I / 3 , 
t hus the left hand edge of the data points in fi gure 3.4 follows a cube root trend . 
If, instead of placing a single defect in a supercell , it was intended that a 
mu lt itude of defects were to be created, then the value of D is computed in a 
different way than in equation (3.16). Suppose t here are b defects, with vectors 
d l ... d. to be placed in the supercelL Computing a minimum separation distance 
D now requires the mi nimum distance between each of t he defects in the cell a nd 
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any periodic repeat of any defect and is given by: 
(3.19) 
where Cl, f3 and., are integers and where i, j = 1 .. . 15. 
3.10 Computation of Formation Energies 
The computed energy of a system of atoms comprising a supercell containing a 
defect is a meaningless va lue alone. It is relative energies which are important . 
The si mplest example of this is finding the energy of a cell contai ning a sim ple 
point defect, an interstitial. It is of interest to compare the com puted total 
energy of thi s ce ll with the total energy of a perfect cell. It is necessary, however, 
to ensure that the energy of the perfect cell takes into account any added or 
subtracted atoms. For a simple 2 atom system, such as magnesium oxide, t he 
total energy of a cell containing 11 lattice sites and a defect can be expressed using 
E,,(i , j), where i and j are the numbers of additional atoms of each species (this 
number becomes negat ive for the case of vacancies). Here, pairs of defects exist 
for i = j = + 1 for a pair of interstitials and i = j = - 1 for a pair of vacancies. 
The formation energy of such a defect is given by: 
.. ( n+(i+ j ) ) Efo,.m=E,,(~,J)- n E,,(O,O), (3.20) 
where i = j. This method can simply be expanded for a material containing more 
species. 
Chapter 4 
Computational Techniques 
This chapter provides information on the vari ety of methodologies that have been 
uti lised ill this study. This includes t he description of empirical potentials t hat are 
used to calculate bot h the defect energies and the barriers for t he long timescale 
dynamics of systems. Also described is the nudged elastic band (NEB) method. 
which is a methodology for find ing t ransition barrier energies. 
4.1 Interatomic Potentials 
Forces acting upon atoms within a classical model are computed using empirical 
potential fun ctions. The force vector, Pi, which acts on atom i is written as the 
partia.l derivative of t he potent ial function V with respect to the atom 's position 
vector: 
where the total potential energy V is a function of the posit ion vectors of each 
of the atoms in the system. In order to model the interactions for each sys-
tem, a functional form is assumed and then this is fitted to previously obtained 
experimental or ab-initio data. 
29 
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The . tudies on materials discussed in chapters 5 and 6 have bot h used a 
standard Buckingham potential [34], along with a Coulomb potential. For each 
pair of atoms in the system, t his takes the form: 
( '1') C <p(T) = A exp -p - '1'6 + \/;,(7') , (4 .1 ) 
with 11,,(7') being the standard Coulomb potentia l, T being the interatom ic sepa-
ration between two atoms and parameters A , p and C requiring determination. 
Parameters for magnesium oxide have been obtained from Lewis and Catlow [35]. 
These parameters ar e shown in table 4.1 and the parameters for Spinel were ob-
tained by Crimcs, quotcd in [18], which arc shown in table 4.2. Due to the 
Table 4.1: PammeteTs of the Buckingham potential for magnesium oxide /7om 
Lewis and Callow !35j. 
Interaction p (A) A (cV) C (eV/ fl 6 ) 
Mg- Mg 0.0000 0.0 0.00 
11 [g - 0 0.2945 1428.5 0.00 
0-0 0.1490 22764.0 27.88 
relatively slow reduction of Coulombic interaction, 11,, (1'), when the separation 
distances, 7' , are increased, 11,,(1') is computed for all pairs of atoms within the 
system. The Buckingham term is, however, only applied only for short ranged 
interactions. For MgO and MgAI20 ,!, an interatomic separa.tion of 7. 7 A is used 
as this utoff. The graph in figure 4.1 indicates t hat a cutoff larger than 7.5 A 
wi ll provide adequately converged energies (to wi thin ± 0.4 eV). The total poten-
t ial energy of t he system is the summation of the Buckingham and Cou lombic 
potentials for all pairs of atoms in the system. The empirica.l potential uses a full 
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Tabl 4.2: Parameters of the Buckingham potential fo,' magnesium al'Uminate 
spinel f1'Om G"imes et al. [IS}. 
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Figure 4.1: The total calculated ene,'YY for a 64000 atom cell of MgO containing 
I! first nearest neigitbo'U.r di-inte,'sti tial. The cutoff distance for the Sh01't m nge 
term is va!~ed. 
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fixed charge model wit h charges of + 2, +3 and -2 on Tvlg, AI and 0 respectively. 
The shell model [36] has also been used for spinel due to the polarisability of 
an ions. Th is models the ions in the system as cores linked by harmonic spring 
to a massless shell. New parameters are in trod uced to the model, namely the 
core and shell charges and the harmonic spring constant, both fit ted using the 
dielectric properties of the material. A simple and common interpretation of this 
model is t hat t he shell s have some relation to t he va lence electrons of t he ions. In 
MgA I20", a core of charge 0. 8 is assumed and this is attached to a shell of charge 
-2.8 using a n isotropic harmon ic spring wit h spring constant 54 .8 eV / 1\2 [37]. 
4.2 Nudged Elastic Band Method 
The nudged clastic band technique (NEB) [38] is an example of a chain-of-states 
method for finding min imum energy paths and, in t urn , saddle points that can 
be used to compute t ransition barrier energies. Wi th th is type of method, several 
points are considered on a 3N-dimensional potentia l surface. each represent ing a 
state of the atomic system. T,,·o of t he images are fixed, and these represent t he 
initial and final states of the system, wh il st the remaining points form a "chain" or 
"path" linking these two states. The NEB technique is one of the more frequently 
used examples of this type of methodology as it balances accuracy with efficiency. 
In the NEB methodology the images of the system are considered to be connected 
by springs wit h natural length zero. Considering a chain of N + 1 images, whose 
positions are denoted by [Ro,Rr,R3, ... ,R N_I,RN]. Here the fixecl enclpoints 
are Ro and R N and correspond to t he ini t ial and fina l tates of the system. The 
remaining intermedia.te points, [Rr,R3, ... ,RN- tl are free to be adjusted. The 
total force acting ma.y be expressed as follows 
F ; = Ft - \7V (R;)I .L , (4.2) 
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where F t is the spring force along the tangent and - \7V(R;JI.l is the component 
of the t rue force, of the system of atoms, perpendicular to the tangent . Here, the 
spring force is computed using 
( 4. 3) 
where Ti is a computation of the ta ngent at image i and k is the spring constant. 
The component of t he true force perpendicular to the tangent may be expressed 
as 
\7V(R i)I.l = \7V(Ri) - [\7V (Ri) ' Ti] Ti ' (4.4) 
A minimisation algori thm is used , moving the images in the direction of F ; until 
the force is of a specified small magnil·ude. If convergence is reached , then t hi s 
indica.tes the minimum energy path. 
4.2 .1 Approximat ion of the Tangent 
In 2000, Henkelman and Jonsson [39] proposed methods to compute an approx-
imat ion of the tangent. One of t hese is shown in equation (4.5) and involves 
using 
(4 .5) 
and then normalising in order to compu te Ti = Fj. This approximation to the 
tangent ensures, even in areas of large curvature, that images are equispaced. 
Improving on this approxima.tion , a secolld approach was also suggested t hat 
takes into account the energies of states of the system, i- I and i + 1. Here, 
only the image with the higher energy of the two, along wi th image i, are used to 
compute t he new tangent. Henkelman and Jonsson showed , th rough an example, 
that this approach provides a much faster convergence to t he minimum energy 
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path. The tangent is appoximated by. 
where 
if \1;+1 > \I; > \11- 1 
if 11;+ 1 < V; < Vi - I 
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(4.6 ) 
(4.7) 
and 11; is the energy of image i . \f (R ;J. If neither of the two inequality condi t ions 
in equa tion 4.6 are satisfied , the image i must be at a minimum or a maximum 
a nd in this casc, the tangent is taken to bc a \\·eighted average of the images i- I 
and i + 1 as follows 
y :+ 6 V. 111.a.:C + T ·- 6. v.m in 
l t t t 1 
where 
and 
{). v;m in = min ([\1;+1 - Vi [ , [I/i- l - V; [) . 
The fi nal step is to normalise the tangent vector. Henkelman and J6nsson also 
proposed an alternative way to ca.lcula.te the spring force to that which IS pre-
sented in equation (4.3), evaluating the spring force as 
( 4.9) 
The introd uction of this new approximation to the tangent vec tor taJ(es place 
in order to eli mina.te kinks wit hin the pred icted min imum energy pa.th . They 
reached t he conclusion t hat the local tangent should be determined by higher 
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energy neighbouring images and t his is due to t he fact t hat, if yo u work back-
wards, t he minimum energy path can be found by following force lines dO\vn from 
t he saddle point, but never up from a minimum. An example Henkelman and 
J6nsson presented indicated both a faster and more accurate convergence to the 
minimum energy path when using t hi s approximat ion to the tangent . This mod-
ified ta ngent approach (using equation 4.8) has been used in chapter 5 to ca rry 
out the com pu tation of transition barrier energies in MgO. A spring constant of 
0.1 R 'ja5 was used and during the procedure forces were reduced below 0.01 
Ryjao· 
4 .2.2 Clamped Cubic Splines 
Once the force has been rcduced below a spec ifi ed tolerance level , the energies 
of t he individual states of the system may be plotted. It is assumed that these 
states lie on, or close to, the minimum energy path and so a curve should be fitted 
to t hese points and the maximum energy value of this curve will correspond to 
t hat of the saddle point . Interpolation between these points is achieved using a 
cubic spline, where a thi rd degree polynomial is constructed between each of t he 
points. Assuming a series of data points [(xo, YO ), (Xl, Yl) , ' .. (xn, Yn) ], and tha t 
the cur ve between points (Xi_ /, Yi-l) and (Xi, Yi) is defin ed by the fun ct ion f i, the 
cubic spline is fi tted using the following cri teri a : 
• The functions are polynomials of third order: 
(4 .10) 
• The functions pass t hrough all of the data points: 
( 4. 11 ) 
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• The slope of the functions approaching either side of a point are t he same: 
(4.12) 
• The second order derivative is the same for both functions at the approach 
to either side of a point: 
(4 .13) 
These condi t ions will produce n - 1 equations with n + 1 unknowns. The two 
remaining equations are obtained by considering t he fact that the initial and final 
states of the system are bot h local mini mum energy configurat ions, thus 
f; (.";0) = f:,(x,,) = O. ( 4.14) 
The cubic spline equations for each segment are obtained by solving equa tions 
(4. 10)-(4. 14). It is then triv ial to compute any local maxima of t his curve, which 
represent t he saddle points on the potentia l energy surface. 
4.3 N ewton 's M ethod 
In order to compute concentrations of defects in magnesium aluminate spinel, a 
system of L non-linear mass action equations must be solved for L varia bles (the 
concentrations) . An algorithm was coded allowing for the Newton methodology 
to be performed. This is an iterative procedure and attempts to minimise the 
sum of squares of error in a system of equations. Given a system of equat ions 
f i(X) = 0 for i = 1 ... L (each representing one of t he mass action equations, 
which are discussed in section 6.14, rea.rranged to equal zero) with variables Xi, 
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aga in with i = 1 . .. L the sum of squar.es 
L 
S(x ) = 2: il(x ), 
i= ! 
is minimised by performing successive iterat ions from an initial estimate x = Xo. 
Iterat ions arc carried out using 
where 6x is found by solving the system of L linear equations 
with F = (fl (x ), h(x ), . .. , h(x)) being the vector of functions and J being tllC 
L x L matrix of first derivatives of t he fun ction. The values comprising ox arc 
t hen subst itu ted into t he equation for X,,+l and the process is repeated. These 
steps are performed until eit her S(x ) or 6x = X,,+ I - x" becomes zero or at least 
suffi ciently small. 
The iterative procedure is carried out on fifteen equations in section 6.14 unt il 
the variables (in this case, the concentrations of defects) differ by no more than 
10- 20 between successive iterations. Logarithms were taken to simplify a number 
of the equations and, given an appropriate init ial estimate for Xo found using tr ial 
and error , convergence was reached to t his specified criteria in no more than 100 
iterations (this quant ity varied depending on t he temperature constant and the 
accuracy of t he initial estimate). 
Chapter 5 
Magnesium Oxide 
In this chapter, the material magnesium oxide (MgO) is introduced , a long with 
its basic properties, including bulk parameters and its structure. The mAin body 
of the work in this thesis comprises of materials modelling using density func-
tional theory. This chapter describes the process of performing such calculations 
on MgO and presents results in the form of formation energies and relaxed struc-
tures of a variety of point defects, which were introduced into a perfect lattice. 
Transitions of defects are considered using the nudged elastic band method. All 
computations are compared to relaxations carried out using empil'ical potentia Is. 
Much of this work has been published and appears in references [40, 41]. 
5.1 Introduction 
Magnesium oxide is a useful materi al to st udy as a model oxide because it has 
a relatively simple structure and has well behaved, easily understood propert ies. 
Studying this materi al is useful not only in its own right but can give an insight 
into the potent ial behaviour of more complicated oxides. A part icular area of 
interest over the past several years has been to model the behaviour of oxide 
materials when they al'e subjected to radiation damage. 
38 
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At rOO I1l temperature, MgO has a lattice constant of 4.21 A [42J and a bulk 
modulus of 1.55 Mbar [43J. It has the aCI (or "Rocksalt") structure (space 
group Fm3m), as shown in figure 5.1, which consists of two interpenetrating face-
centred cubic lattices. I t is easiest to visualise the perfect structure as a three 
dimensional cube of lattice sites, all separated by hal f a lattice constant . On each 
lattice site lies an atom (either magnesium or oxygen), the species of which is 
never idenLical to that of its neighbouring atom. 
Figure 5.1: A cell showing the pattern of atoms comlJr'ising the Rocksalt struct1£re, 
which consists of two intelpenetrating face-centred cubic lattices . This pattern is 
repeated throughout the M gO structure. 
It was found in previous empirical potential simulations [8, 44J that the most 
common types of defect found in MgO after a lOps collision cascade simulation 
were di-interstitials, cli-vacancies anel Frenkel pairs. It is due to this observation 
that these types of defects have been chosen as subjects of analysis using DFT, 
for this allows a direct comparison between these empirical potent ia l find ings and 
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the results generated using the generally more accurate ab-initio approach. Per-
forming a comparison in such a way wi ll allow for an assessment of the accuracy 
and reliability of the current empirical potent ials. 
5.2 Point D efect Types 
In total, five di-interstitials were considered along with t hree di-vacancies. These 
are al l character ised by the separat ion distances between the interst it ia l atoms or 
vacant lattice sites t hat constitute t he pairs. Seperation distances for the first. 
t hird and fifth nearest neighbour di-interstitials are equi valent to t he unrelaxed 
separat ion of the first , second and third nearest neighbour c!i-vacancies , which can 
be seen in table 5.1. This table specifies the separation dista I1ces in angstrom uni ts 
corresponding to each neighbouring distance. A di-interstitial here consists of an 
Table 5.1: The distances between the pair of defect f01' each of the consider'ed 
di-vacancy and di-interstitial configurations. 
Defect Separation Separation Distance (A.) 
I NN 
2NN 
3NN 
4NN 
5NN 
Di-vacancy Di- interstit ial 
2. 11 
365 
4.71 
2.11 
2.98 
3.65 
4.21 
4.71 
add it ional pair of atoms inserted into t he perfect lattice, one magnesium atom 
and one oxygen atom. This maintains charge neutrali ty within the system and 
is known as a bound pair of defects. In a imilar way, the di-vacancy Schottky 
pair is created within the lattice by removal of one magnesium atom ancl one 
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oxygen atom. T he initial, pre-rclaxation structures of the di-interst itia ls and di-
vacancies are shown in figures 5.2 and 5.3 respectively In addition to placing 
both of the defects in a single supercell , infinite ly separated defects were also 
considered in order to gain an insight into the converged value if a eli-vacancy or 
di-interstitial were separated by a large distance. Using the energies computed for 
these isolated defect computations, it was also possible to calculate directly the 
formation energy of an infinitely separated Frenkel pai r of defects. That is, t he 
formation energy of a magnesium vacancy along with a magnesium interstitial, 
or equivalently with the oxygen species. 
5.3 Creating a Basis Set 
A basis set is a set of mathematical functions which combine to describe molecular 
orbitals. It is common practice in calculations to use a basis set consist ing of 
plane waves, however, in the calcu lations in th is thesis numerical , fixed-energy, 
atomic-type orbitals are utili sed instead. This is because a real-space loca lised 
basis set overcomes some of the limi tations of a plane wave basis set. The main 
drawback of plane wave basis sets is that they are usually large, and as a resul t 
would require a large amount of computer memory. They do, however, consist of 
relat ively simple funct ions and are usefu l for modelling systems with non-localised 
electrons. 
When creating a localised orbital basis set, several sets of orbitals per atom are 
considered in general. The basis set can provide an adequate level of convergence 
for a range of environments . Optimising the basis set for a single environment 
may mean that it is no longer suitable in other environments. Therefore, it is 
necessary to include multiple orbitals for each angular momentum state as t his 
will result in linear combinations tha.t are optimal for all environments [45). I t is 
suggested that orbitals are taken from the neutra l atom along wi th shorter r anged 
- - - - - - ----- - - --- ----- ----
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Figure 5.2: The initial configurations of atoms for the (a) first , (b) second, (c) third, (d) fourth and (e) fifth nearest neighbour 
di-interstitials. The black circles represent the Mg atoms, whilst the white circles represent the 0 atoms. Red and blue atoms are 
the interstitiais. 
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orbitals taken from a doubly positively charged atom [46, 47]. sand p orbita ls 
were taken from the neutral atom , and s, p and d orbitals were taken from t he 
doub ly positively charged atom. 
For a given core charge, a self-consistent, spherical atomic calculation is per-
formed with the orbitals forced to zero at a fin ite radius, Tc , known as the cutoff 
rad ius. The effects of varying this cutofr radius have been studied for each basis 
set that has been created . For the magnesium atoms, two basis sets were initia lly 
considered , and these correspond to a semi-core and a non semi-core pseudopo-
tential [48] . Each of the basis sets were tested with four different val ues of the 
cutoff rad ius. these being 5.5. 6, 7 and 8 a.u .. 
The sui tability of a generated basis set is evaluated using PLATO (Package 
for Linear-combination of Atom ic Orbitals) [45] to compute the total energy of 
several perfect systems of atoms, with each system having a diffe rent lattice 
constant. The energy values may be plotted against the lattice constants, and a 
curve fitted to th is data. The location of the minimum value of this curve wi ll 
show the lattice constant t hat is predicted by the basis set. An example of this 
procedure is shown for a non-semi-core magnesium basis set with Tc = 5.5 a.u .. 
Figure 5.4 shows how the total energy of a two-atom magnesium primitive cell 
varies wi th respect to the lattice constant . The lattice constant that produces 
the min imum value of this fi tted curve is of in terest and in this case the value is 
approximately 3.03 A. 
5.3 .1 Magnesium Basis Set 
The procedure in the previous section was repeated for each of t he eight mag-
nesium basis sets. Table 5.2 shows resulting estimates of the bulk parameters of 
magnesium when each of the basis sets are considered. These va lues indicate that 
taking the ra.nge of the orbitals from 7 a.. u. to 8 a.u. produces a relatively small 
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F igure 5.4: Estimated total energy (Ry) oJ a 2 atom magnesium cell calculated 
fol' val'ious lattice constants . Data points Jorm a CW'lJe and the minimum value 
of this cur'lJe corresponds to the lowest energy and the pl'edicted lattice constant. 
Pseudopotential r'c (a. u. ) Lat. Cons\.( A.) Bulk tvlod. (MBar) Energy / atom (Ry) 
Non semi-core 5.5 3.031 065 -1.781 
Non semi-core 6.0 3.061 0.62 -1.790 
Non semi-core 7.0 3.153 0.38 -1. 794 
Non semi-core 8.0 3.163 0.34 -1.790 
Semi-core 5.5 3.001 0.92 -126.308 
Semi-core 6 0 3.005 0.86 -126.310 
Semi-core 7.0 3.115 0.48 -126.323 
Sem i-core 8.0 3139 0.41 -126.323 
Table 5.2: Calculated bulk pr·oper·ties oJ magnesium Jor' the a variety oJ basis sets 
with va'rljing cut-off mdius I'c · 
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change in t he estimates of the bulk parameters when compared to the changc 
predicted when taking the orbital range from 6 a.u. to 7.a .u .. The cutoff of 7 
a.u. procluces the lowest energy and so the basis set with orbital cutoff radius of 
7 a. u. is chosen. 
It should be noted that the ex perimental lat tice constan t for magnesium is 
3.21 A and t he experimental bulk modulus is 0.354 ("[bar [49]. The non semi-
core basis set predicts 3.15 A and 0.38 IvIbar for the lattice constant and bulk 
modulus respectively. whereas the semi-core basis set predicts 3.11 A and 0.48 
II'/Ba!". The experimental lattice constant is underestimated by no more than 0.1 
A and the bu lk modulus is overestimated by no more t han 0.13 VIbal'. Bot h basis 
sets provide an accurate dcscription of t hese bulk parameters of t he system of 
magnesium atoms. 
5.3.2 Magnesium Ox ide B asis Set 
It has been shown t hat a magnesium basis set with orbital cutoff of 7 a. u produces 
a good description of bulk magnesium. Combining this basis set with a previ-
ously created oxygen basis set [50], also with orbital cutoff of 7 a.u. , tests could be 
performed Oll a magnesium oxide system. Here the fast-Fourier transform (FFT) 
(the technique utilised to perform the requirecl numerical integrations) mesh pa-
rameter is varied, and the bulk parameters of magnesium oxide are estimated 
using an eight-atom cubic cell. Table 5.3 shows t he result ing bulk parameters. 
For the case of t he non semi-core basis set, the lattice constant and energy con-
verge to 2 decimal places for a FFT spacing of le s than 0.3. However , for the 
semi-core basis set, a much finer integral mesh is required. The bulk modulus has 
still not converged, even when consiclering a very fine mesh. The experimental 
lattice constant and bulk moclu lus for magnes ium oxide are 4.21 A ancl1.55 lvlBar 
respectively. The semi-core bas is set predicts a lattice constant of 4.17 A, which 
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Pseudopotent iai FrT Lattice Const. ( A) Bulk [V[od. (lIifBar) Energy (Ry) 
Non semi-core 0.10 4.108 1.61 -17.067 
Non semi-core 0.20 4.111 2.01 -17.068 
Non semi-core 0.30 4098 1.50 -17067 
Non semi-core 0.40 4.220 0.57 -1 7.063 
Non semi-core 0.50 4.112 -5.18 -17.024 
Semi-core 0.10 4.165 1.83 -79.327 
Semi-core 0.12 4.172 1.69 -79.327 
Semi-core 0.13 4.1 70 1.45 -79.327 
Semi-core 0.14 4.176 1.67 -79.328 
Semi-core 0.15 4.174 2.05 -79.329 
Semi-core 0.20 4.128 2.97 -79.331 
Semi-core 030 4.151 19.27 -79.339 
Semi-core 0.40 4.100 -105.92 -78.739 
Semi-core 0.50 4.107 -12937 -77. 846 
Table 5.3: Estimates for the bulk parameters and total energy of an e'ight-atom 
magnesium oxide cubic supercell using the basis sets with ol'bilal w toJ),s of 7 a. tt , 
and a variety of uniform FFT integral meshes. 
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is more accurate than the 4. 11 A value predicted by the non semi-core basis set. 
Due to the fact that an un feasib ly fine mesh was required when using a uniform 
mesh, an alternative was considered. The alternat ive is an atom centred grid 
(ACG) , which is defined using t hree parameters: the number of considered radial 
points, a, the number of points at each radia l distance, b, and the highest angular 
momentum component of the density. c. Bulk parameters for magnesium oxide 
were computed using t he semi-core basis set for magnesium and a variety of 
values of (l and b. These values are presented in table 5.4. All of the considered 
combi nations of parameters produce a very similar estimate of 4.16 - 4.18 A for 
the lattice constant. However, the effect of increas ing the number of points in the 
radi al direction, a has a much larger effect on t he calculated bulk modulus than 
varying t he number of points per radial distance, b. When considering a = 40 , 
the bulk modulus converges to 2 decimal places (to a value of l.67 Mbar) if the 
value of b ~ 35. The lattice constant converges to 3 decimal places (to a value 
of 4.171 A). In conclusion , the combination of parameters a = 40, b = 35 and 
c = 4 provide a converged and accurate approximation of t he experimental bulk 
parameters of magnesium oxide. The integral mesh ut ilised in t his \York shall be 
an atom centred grid with these 3 descriptive parameters. 
5.4 Defect Energetics 
The energetics of a variety of point defects were computed using PLATO. In 
order to ensure convergence of the com puted energies, a series of calculations was 
carried out for each defect, each in a differen t supercell. Larger supercells, with 
more atoms and a larger separation distance between t he defect and periodic 
images provide a more accurate prediction of t he formation energy than smaller 
cells which have much larger interactions between the defects and their periodic 
repeats. Table 5.5 indicates the sizes of the supercells uti lised for the defect 
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a b c Lat . Const. (A) Bulk Mod. (M Bar) Energy (Ry) No. of Points 
30 29 4 4.159 2.15 -79.328 67504 
35 30 4 4.179 1.74 -79326 79104 
40 30 4 4.171 1.65 -79.326 90304 
50 30 4 4.171 1.73 -79.326 112992 
30 35 4 4.159 2.17 -79328 95424 
35 35 4 4.180 1. 74 -79.326 111280 
40 35 4 4.171 1.67 -79.326 127024 
50 35 4 4.170 1.71 -79.326 158912 
35 40 4 4.180 1.72 -79.326 137296 
40 40 4 4.171 1.67 -79.326 156816 
30 29 4 4.159 2.15 -79.328 67504 
30 35 4 4.159 2.17 -79.328 95424 
35 30 4 4.179 1.74 -79.326 79104 
35 35 4 4.180 1.74 -79.326 111280 
35 40 4 4.180 1.72 -79.326 137296 
40 30 4 4.171 1.64 -79.326 90304 
40 35 4 4.171 1.67 -79.326 127024 
40 40 4 4.171 1.67 -79.326 156816 
50 35 4 4.170 1.71 -79.326 158912 
50 53 4 4.171 1.72 -79.326 350272 
Table 5.4: Estimates oJ bulk parameter's when varying the number- oJ radial points 
and the number- oJ points per" mdial distance in the A CC mesh. 
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calculations. 
The defects were placed in each of their corresponding supercells and the 
structure was rellLxed using the OFT methodology as explained in chapter 3.l. 
The resulting rellLxed energies arc shown ill figure 5.5(a) and 5.5(b) for t.he di-
vacancies and di-interstitials respect ively. These graphs give an indication of the 
convergence of the formation energies as larger supercells (reducing the in terac-
tion between defects and their periodic images) are used in the computa tions. 
Fl'om the graphs, it ca n be seen clearly that the smaller cells, with the smaller 
separation between the defect and its images predict inaccurate form ation ener-
gies in most cases, with an error of 1 to 2 cV. The energies computed using the 
largest supercells were converged to within ± O.2 eV and it is these energy values 
taken from the computat ion lIsing the largest su percells that arc presented in 
table 5.6. Also presented in table 5.6 are comparable energies computed using 
empirical potentials. It can be seen from th is comparison that the empirical po-
tent ial simulatiolls overestimate the form ation energies for the di-vacancies by 1-3 
e V, bu underestimate the formation energies of the first, third , four th and fifth 
nearest neighbour di-interstitials by less than 1 eV, t hus having a good agreement 
with t he DFT results in all cases. 
In addition to considering neighbouring defec ts, it was of interest to investigate 
a pair of defec ts that were infinitely separated. These isolated defects were created 
by placing a single magnesium interstitial or vacancy in a supercell and relaxing 
the system using OFT. In another, separate supercell , an oxygen interstitial or 
vacancy was placed, and the system was relaxed in the same way. The two 
resulting relaxed system energies could be combined to give a formation energy 
for an Schottky pair of defects that were "infinitely far apart" . This is useful , as it 
indicates the minimum separation distance needed between the defects in a pair 
to en ure little or no interaction between them. It is important here to note the 
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Figure 5.5 : Graphs that show the convergence of the form ation energies as lar-ger 
sl!per'cells aI'e used. Energies in a) are f07' di-vacancies and in b) ar-e for di-
interstitials. 
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Table 5.5: The sizes of the super·cells used in the simulations of the def ects nsing 
DFT. The minimum sepamtion distance, in A, between the periodic Tepeats of 
the defects is given in sqltaTe bmckets alongside the nnmbeT of atoms contained 
within the ceLL. 
Defect(s) Number of Atoms [Separation Distance (A)] 
Cell 1 Cell 2 Cell 3 Cell 4 
1NN di-interstit ial / 32 [5 .90] 48 [7.52] 90 [8.85] 128 [10.43] 
1NN di-vacancy 
2NN cli-interstitial 32 [5.90] 58 [7.80] 84 [8 .85] 132[10.22] 
3NN di-interstit ial/ 32 [5 .90] 56 [7 .52] 90 [8 .85] 144 [10.43] 
2NN di-vacancy 
4N N d i-interstit ial 32 [5 .90] 54 [6. 60] 84 [8 .85] 128 [9.33] 
5NN di-interstitial/ 40 [5 .90] 64 [7.52] 104 [8 .85] 160 [10.43] 
3NN di-vacancy 
Isolat.ed interst it ial/ vacancy 8 [4 .17] 64 [8.34] 128 [11.65] 180 [12.86] 
charge on the systems. In the previous di-interstitial and cli-vacancy calculations, 
t he systems have always been charge neutral due to the addition or removal of an 
magnesium atom and an oxygen atom simultaneously, thus cancelling out any net 
charge. When considering a lone interstit ial or vacancy in a single supercell , the 
charge neutrality i no longer maintained within that cell. In empirical potential 
simulations, a fixed charge model has been employed and it is assumed in those 
simulations that t he magnesium atoms have a charge of 2, whereas t he oxygen 
atoms have a charge of -2. In the OFT calculations electrons have been added to 
or removed from the system containing an isolated vacancy to create the effect 
of a charged defect . For the magnesium vacancy, an add itional 0, 1, 2 and 3 
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electrons were added to the sysCem in four separate calculations, and for the 
oxygen vacancy, 0, 1, 2 and 3 electrons were removed from the system. 
The system energies were computed and formation energies of corresponding 
pairs of infinitely separated vacancies 3J·e shown in figure 5.6. It can be seen 
from this graph that the form at ion energy is at its lowest when the charge on 
the defects is ±2. Isolated defect formation energies were therefore computed 
assuming a charge of + 2 on magnesium atoms and -2 on oxygen atoms in exact ly 
the same way as was assumed for t he empirical potential simulations. Therefore, 
in a similar way, 2 electrons were removed from a system containing an isolated 
magnesium interstit ial and 2 were added to a system containing an isolated oxygen 
interstitial. These results were obtained using much la.rger cells than those used to 
optimise the required charge, thus eJlsu t"ing a convergence of formation energies. 
The energies of these infini tely separaced Schottky pairs, calculated using both 
DFT and the empirical potentials, are displayed in table 5.7. Also displayed in 
this table, are the formation energies of infi nitely separated Frenkel pairs, also 
calcu lated using both methodologies. 
From these results, we examine those energies computed using the largest su-
percells. Here it can be seen that the formation energies for a pair of isolated 
vacancies appears to converge to a value of 5.9 - 6.0 eV and interstitials converge 
to a value of 16.6 - 16.7 eV. The same defect form ation energies were computed 
using empirical potential simulations. In t his calculation, a cell containing 64,000 
atoms was considered and the computat ion ut ilised the potential given in equa-
tion 4.l. The empirical potential com putations predict a formation energy of 
approximately 8.8 eV for t he isolated vacancies and 18.4 eV for the isolated in-
terstitials, both of which aTe overestimates of the energies computed using DFT 
but VaJ·y from those results by no more than 3 V. For a similar comparison, tak-
ing res ults from the 18l'gest cell s, the infinitely separated Fl:enkel pairs form a.tion 
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Table 5.6: The defect formati on energies for the near'est neighbour di-vacancies 
and di-interstitials for both the DFT and the empirical potential calculations as 
a function of the defect separation. 
Defect DFT Formation Energy (cV) Emp . Pot. Formation Energy (eV) 
Separation Di-vacancy 
1NN 4.6 
2NN 5.9 
3NN 5.7 
4NN 
5NN 
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Figure 5.6: A graph that shows thef(mnation energy of a pair ofisola/;ed vacancies 
with Q. variety of charges. 
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Table 5.7: The formation energies from the DFT calculations fOT the pail's of 
isolated defects as a function oJ the system size. 
Number of Format ion Energy (e V) 
Atoms Vacancy Interst itial iV!g Frenkel pair o Frenkel pair 
8 7.23 20.04 13.55 13. 72 
64 5.65 16.35 10.07 11.93 
128 5.88 16.74 1033 12.31 
180 5.97 16.58 10.35 12.17 
Empirical Potential 8.8 18.4 14.1 13.6 
energies converge to 10.35 eV and 12.17 eV depending on whether it is a mag-
nesium Frenkel pair or an oxygen Frenkel pair respectively. Empirical potentials 
were also used here, and these simulations produced an est imate of 14.1 eV for the 
magnesium F\'enkel pair and 13.6 eV for the oxygen Frenkel pair. These values 
are also overestimates of the OFT energies, but also predict a lower for mation 
energy for the infinitely separated oxygen pai ring t han t he magnesi um pairing, 
whereas OFT indicates the magnesium pairing should have the lower energy of 
the two pairings. 
Retmning to the di-interstitials having a fini te separation , due to the empirical 
potential computations allowing for a much larger quantity of atom to be con-
sidered in t he system than those considered in any of the ab-initio calculations, it 
was possible to extend t he energy computations to those for di-interstitials with 
a much larger separation d istance than the fifth nearest neighbour (which had 
a separation distance of 4.71 A). The formation energies were computed for all 
larger separations up to a separat ion of 13 - 14 A and al'e shown in figure 5.7. 
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This graph shows tha t the form at ion energies do appear to approach a converged 
value for separations larger than 7 A, where the energy li es close to 18 eV. The 
calculation for t he formation energy of a pair of isolated interstitials using the 
empirical potent ials was shown to be 18.4 eV using two separate cells contain-
ing 64,000 atoms each. Here, the formation energy for the di-interstit ials with 
the largest considered separation is approximately 17.9 eV. Figure 5.7 also pro-
duces another point of interest and that is another di-interstitial with a very low 
formation energy, besides those considered with OFT. Previously, it was found 
that the first , second and fifth nearest neighbour di-interstitials had relatively 
low formation energies in the region of 1l.5 - 12.5 eV. In addition to these, an-
other favourable configuration with a low formation energy of 1l.5 eV, has been 
found. This configuration is a di-interst it ial with a separation of 6.32 A in a 
eighth nearest neighbour configuration and lies in a < 221> direction (this point 
is highlighted in figure 5.7. Considering t his separation, there exists another di-
interstitial configuration but with the interstitial atoms instead lying in a < 100> 
direction. This is predicted to have a much higher formation energy of 17.3 eV. 
In addition to energies of relaxed di-interstitials, empirical potentials were used 
to compute the formation energies of the di-interstitials in the unrelaxed configu-
rations and these are shown in figure 5.8. These follow a smooth, ascending curve 
and indicate that any lower energies, as for the fifth and eight nearest neighbour 
defects, arise as a direct result of the relaxation of the defect. 
Of course, in addition to studying further configurations of di-interstitials us-
ing the empirical potential approach, it was also possible to do identical addit ional 
calculat ions for t he di-vacancies. Less di-vacancy configurations are possible d ue 
to the requirement that the two atoms removed from the system before relaxation 
must be of different species (i.e. one magnesium and one oxygen) . The results 
of these calcu lat ions are presented in figure 5.9 and show di-vacancy formation 
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energies computed up to a separation distance of approximately 10.9 A. Two dif-
ferent configurations of di-vacancy are possible with separations of 6.315 A. giving 
two slightly different form ation energies. Again. as with the di-interstitials , it is 
clear to see that for any separations larger than 6 A, the formation energy of the 
di-vacancies approaches a fixed value. In t hi s case, there is only a small deviation 
from the previously calculated infini tely separated di-vacancy formation energy 
of 8.8 cV. The format ion energy for the ch-vacancy with t he largest considered 
separation was approximately 8.3 eV. 
5.5 Relaxed D efect Structures 
In addition to studying t he energetics of the defect structmes in magnesium oxide, 
the atomic displacements that take place dming t he relaxation of the defects are 
also considered . This could be used to explain the differing energies and res ul ting 
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geometri es found duri ng the comparison of the ab-initio work to the em pirical 
potential computat ions. Figure 5.10 shows the displacement directions of atoms 
surroundi ng the isolated vacancies, in (a) and (b), and isolated interstitials, in 
(c) and (d) . The magni tudes of the displacements of the atoms surroulld ing 
a) b) i 
B 
c) d) 
E 
Figure 5.10: The dil'ection oJ displacement oj the atoms sunounding the isolated 
dejects: a) Mg vacancy, b) 0 vacancy, c) Mg interstitial, and d) 0 intel·stitial. 
The magnitudes oj the displacements oj selected atoms aTe shown in table 5.8. 
the defect were obtained using both DFT and the empiricaJ potent iaJs, and aTe 
presented in table 5.8. The unlabelled atoms surrounding the vacant sites and 
interst itials have identical magni tudes to the labelled atoms of the sa me species in 
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each case, due to t he symmetr ic nature of these defects . From these results. it can 
Table 5.S: The magnitude of the displacements of the atoms during relaxation by 
the DFT and the empirical potential methods. The labels refer' to the letters in 
figur'e ;,5.;,;1,;,0;". ====================== 
Defect Label OFT Emp irical Potential 
displacements (A) d isplacements (A) 
Mg vacancy A 0.08 0.14 
Mg vacancy B 0.12 0.21 
o vacancy C 0.Q7 011 
o vacancy 0 0.16 0.21 
iVlg in terstitial E 0.023 -0.023 
iVlg interstitial f 0.45 049 
o interstitial G 0.Ql7 -0.024 
o interstitial I-I 048 047 
be seen that magnesium atoms surrounding the isolated magnesium vacancy are 
attracted towards it , whereas the oxygen atoms are repelled. Similar behaviour is 
noted fo r atoms surrounding the isolated oxygen vacancy, wit h the species simply 
interchanged. For the case of t he iso lated interstit ial, t he opposite behaviour is 
found to be true with magnesium atoms being repelled from the magnesium 
interstitial. The isolated interstitials cause atoms of t he same species to move 
a much larger di stance than the other species of atom. OFT resul ts show that 
the magnesium atom displacement for the atoms surrounding the magnesium 
interstit ial is 0.45 A compared to 0.023 A for the surrounding oxygen atoms and 
the oxygen atom movement for those atoms surrounding t he oxygen interstitial 
is 0.4 A compared to 0.017 A for t he displacement of nearby magnesium atoms. 
With regard to a comparison between the resul ts computed using empirical 
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potential simulations and t hose calculated using t he ab-initio methodology, t here 
is an agreement between these two sets of results in t he direction of displace-
ment of atoms surrounding these iso lated defects. However, it appears that the 
empirical potentials overestimate the magnitudes of displacement for atoms sur-
rounding the isolated vacancy by about 50%. The empirical potential simulations 
have a much stronger agreement with magnitudes in the isolated interstitial case, 
with surrounding atom displacement predictions agreeing to within 0.05 A of the 
ab-initio resul ts . 
A similar analysis was performed on the structures of the di-vacancies and 
di-interstit ials. Figure 5.11 shows the direction of displacements of atoms sur-
rounding the fi rst and second nearest neighbour di-vacancies. The magnitudes of 
labelled atoms are presented in table 5.9 . From t hese results. it appea rs t hat the 
surrounding atoms of the first nearest neighbour di-vacancy follow a similar t rend 
to t hose surrounding the isolated vacancies. The difference here being that the 
oxygen atom di placement is pred icted by the empirical potentials to have a much 
larger magnitude than DFT suggests . The same is true for atoms surrounding the 
second nearest neighbour di-vacancy. In that case, the magnitude of di splacement 
of oxygen atoms is overestimated by 54% when using the empirical potentials, 
but they only overestimate the displacement of surrounding magnesium atoms 
by 12%. Final ly, the third nearest neighbour di-vacancy follows a similar trend, 
in that the oxygen atoms are predicted to move 35 - 57 % farther than the DFT 
simulation shows. The displacements of the surrounding magnesium atoms are 
again in good agreement, wi t h only a 9 - 11 % overestimate by the empi ri cal 
potent ials. 
Structures of the di-interstit ials were considered in exactly the same way. The 
direction and magni tude of di splacement of atoms surrounding the first, second , 
third and four th nearest neighbour di-interstitials are shown in fi gure 5. 12 and 
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o 
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(a) (b) 
Figure 5. 11: The dir"€ction of displacement, during relaxation, of atoms surround-
ing the a) }ir'st and b) second nearest neighbom' di-vacancies. J\!Jagnitudes of these 
displacements are given in table 5.9. 
Table 5.9: The magnitude of the displacements of the atoms during Telaxation of 
the }ir-st and second neaTest neighbouT di-vacancy defects. The labels mfer to the 
letters fo r each on the atoms in .figuTe 5.11. 
Defect Label DFT Empirical Potential 
displacements (A) displacements (A) 
1NN di-vacancy A 0.12 0.19 
1NN di-vacancy B 0.17 0.18 
1NN cli-vacancy C 0.12 0.19 
1NN di-vacancy D 0.16 0.18 
1NN di-vacancy E 0.09 0.10 
1NN di-vacancy F 0.09 010 
2NN di-vacancy A 0.13 0.20 
2NN d i-vacancy B 0.17 0.19 
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table 5.10 in the same way as for the isolated defects and di-vacancies. T he 
relaxed structure of the interacting di-interstitials is somewhat more complicated 
t han t hat of the di-vacancies. During relaxation, the motion of the interst itial 
atoms ca n cause, in some cases, large displacement of t he surrounding atoms. 
This is not a problem [or the first and fourth nearest neighbour di-interstitials 
which are aligned in a < 100> direction . During relaxation, in these two con-
figurations the interst it ial atoms are attracted towards each other, but remain 
equ idistant from t he planes of atoms that surround them. The more complex de-
fect structures are the second and third nearest neighbour di-interstitia ls which 
both form spli t in terstitials. The third nearest neighbour defect forms a crowd ion 
along <111> consisting of four interstit ial atoms along with two vacant sites. 
The calculat ions performed on the di-interstitials indicated t ha t there is a 
good agreement between the structures preclicted by the empirical potential sim-
ulations and those computed using OFT, with the except ion of t he second nearest 
neighbour defect. The predicted magnitudes of displacement differ by no more 
t han 0.06 A. between methodologies, and the majority agree to within 0.02 A. 
There is a disagreement in the predicted tructure of the second nearest neigh-
bour di-interstit ia l. The ab-initio results indicate that for this case, the magne-
sium interstitial atom moves very li ttle (0.13 A.) and that it is only the oxygen 
interstit ial atom that fo rms a split interst it ial with the oxygen atom labelled 
o in fi gure 5.12(b) . The empirical potent ia l predicts a much larger magnitude 
of displacement fo r t he magnesium interstitial atom (0.58 A.) and t hus predicts 
the formation of a second split inter titia l with the magnesium atom labelled E 
in figure 5.12(b) in addition to the oxygen spli t intersti t ial comprising of atoms 
labelled 0 and J. 
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Figure 5.12: The dil'ection of displacement, from pelfect lattice sites, of atoms 
sUTT01mding the a) fiTst, b) second, c) thil'd, and d) fO UTlh neaTest neighbouT di-
inteTstitia/s. Magnitudes of these displacements ar·e given in table 5.10. 
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Table 5.10: The magnitude of the dispLacements of the atoms during r-eLaxation 
of the di-inteTstitiaL defects by DFT and empirical potential methods. The labels 
r'efeT to LetteTs in figuTe 5.12. 
Defect Label 
INN di-interst itia l A 
I NN di-interstitial B 
IN N di-interstitial C 
I NN di-interstit ia l 0 
I NN di-interstitial E 
I NN di-interstitial F 
2NN c!i-interst it ial A 
2NN c!i-interst it ial B 
2NN c!i-interstit ial C 
2N'J c!i-i nterstitial 0 
2NN di-interstitial E 
2NN di- interst it ial F 
2NN di-i nterst it ial G 
2NN di- interstit ial I-I 
2NN di-interstit ial I 
2NN di-interstit ia l J 
3NN di-interstitia l A 
3NN di-interstitial B 
3NN c!i-in terstitial C 
3N N c!i-interstitial 0 
3NN di-interstitial E 
3NN c!i-interstitial F 
3NN c!i-interstit ial G 
3NN di-interstit ial H 
3NN di-interstit ial I 
4NN di-interstitial A 
4NN di-i nterstitia l B 
4NN di-interstitia l C 
4NN di-interstitia l 0 
4NN di-interstitia l E 
4NN di- interstitia l F 
4NN di- interstitia l G 
4NN di-interstitia l H 
4NN di-interstit ial I 
4NN di-interstitial J 
OFT 
displacements (A) 
0.13 
0.12 
0.42 
0.43 
0.58 
0.57 
0.56 
0.56 
0.40 
1. 72 
0.44 
0.16 
0.10 
0.076 
0.13 
1.23 
0 88 
0.45 
1.37 
0.87 
0.22 
0.13 
0.37 
0.20 
0.21 
032 
0.17 
0.16 
0.34 
0.13 
0.59 
0.58 
0.15 
0.30 
0.29 
Empirical Potent ia l 
displacements (A) 
0.13 
0.1 4 
0.43 
0.42 
0.54 
0.54 
0.19 
0.41 
0.24 
0 80 
1.04 
0.41 
0.24 
0.20 
0.58 
0.57 
0.89 
0.39 
1.38 
0.88 
0.21 
0.11 
036 
0.22 
0.25 
0.37 
0.15 
0.15 
0.35 
0.16 
0.63 
0.62 
0.17 
0.29 
0.31 
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5.6 Transition Barrier Energies 
The previous two sections were concerned with the calculation of t he cnergetics of 
a variety of point defects within magnesium oxide. The possibili ty of t he motion 
of these defects within the bulk material is also considered as thi s will give an 
understanding of how the defects will evolve over time. It is important to the 
t rends of defects in terms of potent ial clustering or future motion of defects. 
Some interstit ial configurations were found to be mobile at room temperature 
when studied using empirical potentia Is. Thus, the energy barriers are calculated 
for defect t ransitions using OFT and the nudged elast ic band method. 
5.6.1 Isolated Interstit ial Transitions 
Ini t ially t ransitions for the isolated interstitials are considered. These involve 
the mot ion of the fewest number of atoms and will be helpful in determining 
potential motions of more complicated di-interstitial defects . The nudged clastic 
band method was used to compute t he transit ion barriers of several different 
transitions of the isolated magnes ium and oxygen atoms. There are five obvious 
transit ions, tak ing place in t hree direct ions « 100>, < 110>, and < 111» . It 
was possible for a t ransition to occur either wi th the direct hop of the interst.itial 
atom , or via an exchange mechanism wit h a nearest neighbour atom of the same 
species, with the interstit ial moving to occupy the neighbouring atom's site, and 
the neighbouring atom moving to become the new interstitial. The v8J·iety of 
possible isolated interstit ia l t ransitions are shown in figure 5.13. In order to 
simplify the calculations (at the cost of accuracy), small , 54 atom cells were 
considered in the computations. These indicate which of the transitions have the 
smallest energy barriers and then these barriers could be computed using a laTger 
celJ containing 128 atoms. Table 5.11 shows t he transit ion barriers for t he isolated 
interstitials. From resul ts computed using the 54 atom system , it is a,pparent 
~--------------------------- - - - -- ---- -
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(a) 
(b) 
• 
- . 
(c) 
• 
= 
(d) 
• 
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Figure 5.13: Isolated insterstitial transition m echanisms. Figure (a) and (b) show 
the <100> dilY,ction, (c) and (d) show the <110> direction and (e) shows the 
< 111> direction. 
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Table 5. 11 : The lmnsition eneTgy ba1'7iers of lhe displacem ent of isolaled m agne-
sium and oxygen isolated inleTslilial atoms. 
54 atom barr ier (eV) 128 atom barrier (eV) 
Transit ion mechanism Magnesium Oxygen Magnesium Oxygen 
< 100> direct hop 1.21 1.26 0.99 0.99 
< 110> direct hop 2.59 2.71 
< 100> atom exchange 2.78 3.00 
< 110> atom exchange 1.1 7 1.25 0.94 096 
< Ill> atom exchange 0.83 0.59 0.71 0.44 
t hat the < 110> di rect hop and t he < 100> atom exchange are both extremely 
unlikely to occur. Both of these t ra nsitions have barriers between 2.5 and 3.0 eV. 
The remain ing t hree transit ion possibilit ies are much more favourable, wi th much 
lower energy barriers which range from 0. 83 eV to 1.26 eV. T hese t hree transitions 
were also st udieclmore accurately using a 128 atom system. For these cases, figure 
5.14 shows t he interpolated curves for each of t he 6 interstit ial transit ions. The 
barrier energies computed using t his supercell were found to be 0.1 - 0.3 eV 
smaller t han those computed using the 54 atom supercells. Computations using 
both of the difFerent supercell sizes ind icate that the most likely transit ion of 
t he considered opt ions is t he < I ll> atom exchange. For the largest and most 
accurate calculations, t he barriers for this t ransit ion of t he isolated interstit ial are 
0. 71 e V for t he magnesi um atom and a much lower 0.44 e V for the oxygen atom. 
Previous empirical potential simulat ions [44] have est imated an energy barrier 
of 0.32 eV for the isolated magn sium interstitial transit ion and 0.40 eV for 
the oxygen interstit ia l. Therefore, unlike the OFT computation , the mpir ical 
potentials predicted that the motion of the magnesium interstit ial atom is the 
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Figure 5.14: In terpolated curves showing the p)'edicted energy barriers for diffusion 
of isolated inter'stitials. Figures (a) and (b) show the curve for a. direct hop in a 
<100> din;ction for a magne ium and oxygen atom respectively, figures (c) and 
(d) show the cur've for an exchange mechanism in a < 11 0> direction comprising 
of magnesium and oXlJgen atoms r-espectively and figw-es (e) and (f ) show an 
exchange mechanism in a < 111> direction comprising of rnagnesium and oxygen 
atoms respectively. All computations were mlculated using DFT and a 128 atom 
supercell. 
------------ - ------
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more favourable transition. 
5.6.2 Isolated Vacancy Transitions 
For the case of a transit ion of an isolated vacancy in magnesium oxide, there is 
only one obvious mechanism and that involves a neighbouring atom of the same 
species moving to occupy the vacant Ia.ttice site as shown in figure 5.15. The 
Figure 5.15: The diffusion mechanism faT an isolated m agnesium vacancy. The 
ne'ighbouring atom at the top left of the diagram moves to occupy the central 
vacant site leaving behind the new vacancy. 
transition energy for the isolated magnesium vacancy was found to be 2.20 eV, 
whereas for the isolated oxygen vacancy, the barrier was found to be 2.31 e V. 
These values are in good agreement wi th previous work , such as the study by 
De Vita et al. [2] which, using OFT, predicted an isolated vacancy migration 
energy 2.39 eV for t he magnesium vacancy and 2. 48 for t he oxygen vacancy. 
SimilaT resul ts were also obtained by Kotomin and Popov [51] who utilising the 
semi empi rical methodology of Intermediate Neglect of t he Differential Overlap 
(IN DO). They predicted that the migration energy of the isolated magnesium and 
oxygen vacancies would be 2.43 eV and 2.50 eV respectively. The experimental 
diffu ion energy for an oxygen vacancy is reported as 2.4 eV [52]. 
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5. 6. 3 Di-Vacancy Transit ion s 
Also considered using the nudged elast ic band method are transitions between 
configurations of di-vacancies. There are six possible configurat ion changes and 
t hree of these are shown in figure 5.16 (the remain ing three transitions are the 
reverse motions of the t hree shown in the figure). Tab le 5.1 2 shows the computed 
barrier energies. 
Table 5.12: The tmnsition energies of configumtion changes of the studied fir'st, 
second and third nem-est neighbour' di-vacancies . 
Final configuration 
Initial configuration 11\1\ di-vacancy 2NN di-vacancy 31\1\ di-vacancy 
I NN eli-vacancy 
2NN di-vacancy 
3N N di-vacancy 
1.35 
1.30 
2.61 
2.23 
2.35 
2.23 
This table shows t hat all of the energy barriers are greater than 1.3 eV with the 
two lowest barrier energies of 1.30 eV and 1.35 eV belonging to tran formations 
to the first nearest neighbour di-vacancy (from the third and second nearest 
neighbour configurations respective ly) . Therefore DFT predicts that di-vacancies 
are all relatively immobile, bu t if diffusion were to occur then it would favour the 
transit ion to a first nearest neighbour configuration. 
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(a) 
(b) 
/ 
(c) 
Figure 5.16: The dijji!sion mechanisms of the di-vacancies. Figure a) shows the 
second neal'est neighbour' to a first neamst neighbour' configuration, b) shows a 
second to third neal'est neighbour change and c) shows the thir'd to a fir'st nearest 
neighbour mechanism. 
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5.6.4 Transitions to and from INN 
It was found that the second nearest neighbour di-interstitial configuration can 
move into the first nearest neighbour configuration via either a direct hop or an 
exchange of atoms. The two methods are shown in fi gure 5.17. T he computed 
(a) 
= 
(b) 
Figure 5.17: The diffusion mechanisms for a second to ji7'st nearest neighbour 
di-interstitial configuration. fIer-e, (a) shows the direct hop and (b) shows the 
exchange mechanism. 
value for the barrier for the direct oxygen interstiti al hop was found to be 1.43 eV, 
whereas the barrier for the magnesium atom exchange was found to be 0.74 eV. 
The barriers are almost identical for d iffusion in the reversed direction, from first 
to second nearest neighbour con fi gu rations, due to the very similar formation 
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ellergies obtained for these two cli-i nterstitia l configurations. This can be seen 
in fi gure 5. 18, where the symmetric nature of the interpolated curves indicate 
a similar barr ier energy when considering passing from either second to first or 
first to second ne«rest neighbour configurations. For the case of the third nearest; 
1.4 ' 
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Figure 5.18: fnterpoictteri curves showing the pr·edicl.ed ener:qy barrier·s Jor · a t7Y!7lsi-
tion from a )lair oJ second nearest neighbo'U7' inter·stitials to that of a di-interstitial 
consisting of a )lair oJ firs t nearest neigitb01tr inter·stitials via a) a direct inter·stitial 
hO)l and b) an exchange mechanism. 
neighbour configuration, only a magnesium atom exchange mechanism was found 
to change the di-interstitial's configuration to first nearest neighbour. This can 
be seen in figure 5.19, where the exchange with t he atom in qucstion is displayed. 
The magnesium exchange mechanism had a low energy barrier of 0.30 eV from 
third nearest neighbour to first nearest neig hbour but had a larger barrier of 
3.24 eV for a first to th ird neighbour exchange. The barrier for a fourth nearest 
neighbour to first nearest neighbour configuration change was extremely low for 
the direct oxygen hop, calculated to be only 0.10 eV. This can be explained by 
the fact t hat during relaxation, t he oxygen atom in the fourth nearest neighbour 
di-interstitial is already moving towards the first nearest neighbour configuration 
all I has a very simple structure to traverse in order to complete the transil:ion. 
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This can be seen in figure 5.20. 
The reverse t ransit ion , from first to fourth nearest neighbour has a much 
higher energy barri er of 4.36 eV. The interpolated curves for the third to first 
and four t h to first nearest neighbour configllrat ions are shown in figure 5.2l. 
Both of these graphs have much lower energies on the right hand sides , thus 
indicating that it will be relatively simply for a configuration to fall into t ha t of a 
first nearest neighbour, bu t difficul t to return to t hird or four t h nearest neighbour 
configurat ion from the nearest neighbouring posit ion. 
Finally. only a magnesium atom exchange mechanism was found for the fi ft h 
to fi r t nearest neigbbour , and t his t ransit ion is shown in figure 5.22. The bar-
rier to arri ve in a first nearest neigllbo Ut" configllra tion was 1. 48 eV , and due to 
similAri t ies in formation energies , the barrier is identical to arriving at a fifth 
from a first nearest neighbour configurat ion. 'I\"a.nsit ions to first neal·est neigh-
bour defec ts have the lowest barri er energies for all the defect s that have been 
considered. 
5.6.5 Transitions to and from 2NN 
As mentioned in section 5.6.4, the t ransit ion energy to diffuse from a first to a 
second nearest neighbour configurat ion was computed to be either 0.74 eV for a 
magnesium atom exchan ge, or 1.43 eV for a direct oxygen hop. The only other 
remaining transition energy for a 1110tion involving t he second nearest neighbour 
di-interstitial was for a configuration cha nge from second to t hird nearest neigh-
bour via a direct oxygen atom hop as shown in figure 5.23. The barrier for t his 
was found to be 6.05 eV, with the barrier fo r the t ransit ion in the reverse direc-
tion being 3.11 eV. The interp lated curve for this transition is shown in figure 
5.24 (a) . 
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'1'---1. = 
Pigur(' 5. 19: The magnesium exchange mechanism taking a third nearest neigh-
bour di-intcrsti.tial to a fiT's t nearesl; neighbour di-interstitial. 
e--{ '1'---1.---1 
Figur 5.20: The direct transition mechanism for a fourth nearest neighbOl,r di-
inters /,itial to become a first nea,-est neighbour di-in terstitial. 
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Figure 5.21: Interpolated CltrlJes showing the prwiicted ener~qy banier's f or a tran-
sition from a) a thini to first near~st neighb01lr di-inter·stitia.l configuration via 
an exchange mechanism and b) (L fourth to fir'st nem'est neighbom' di-interstitial 
configumtion via a. dir'Cct interstitial hop. 
5.6,6 Transitions t o and fr om 3NN 
Sections 5.6.4 and 5.6.5 describe the energy barriers for a third nearest neighbour 
di-i nterst.itia.l to change configurations into fi rst and second nearest neighbour 
di-interstitia ls, and t he remaining cOI nputed energy barrier was calculated for a 
fifth to a th ird nearest neighbour configuration change. This was via a magnesill lll 
atom exchange as shown in figure 5.25. The energy barrier for this transit ion was 
found to be high, as showll in figure 5.24 (b). A third to fifth nearest neighbour 
transition possessing a barrier of 4.04 eV and in the opposite direction, a barrier 
of 6.98 eV was computed. 
5,6,7 Summary of Di-Int er st it ia l Tr an sit ions 
Table 5.13 summarises the results described in sections 5. 6.4 - 5.6.6. Immed iately 
it is clear that all transit ions to a first nearest neighbour configuration have low 
energy barriers. With the except ion of a fifth nearest neighbour cli-interstitial, 
the energy barrier for any of the considered di-interstitials to diffuse into a first 
I 
I 
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Table 5.13: The transition energies of conjigu'ration changes of the di-interstitials 
studied. 
From To !Vlechan isl11 Barrier (eV) 
INN 2NN Exchange (l\ Ig) 0.74 
I NN 2:>1 N Exchange (0 ) 0.51 
I:>1N 2NN Direct (0) l.43 
I NN 3NN Exchange (Mg) 3.24 
I NN 4NN Di rect (0) 4.36 
INN 5NN Exchange (IVJg) 1.48 
2NN INN Exchange (Mg) 0.74 
2NN INN Exchange (0 ) 0.51 
2NN INN Direct (0) 1.43 
2:>11\ 3:>1 N Direct (0) 6.05 
3NN INN Exchange (l\'Ig) 0.30 
3NN 2NN Direct (0 ) 3.11 
3NN 5NN Exchange (Mg) 4.04 
4NN INN Direct (0 ) 0 10 
5NN I NN Exchange (Mg) 1.48 
5NN 3NN Exchange (Mg) 6.98 
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• 
Figure 5.22: The magnesium exchange mechanism taking a fifth nearest neighbour' 
di-inters ti tial to a first nearest neighbour di-intersti tial. 
nearest. neighbour configurat ion is less t han 1 eV. It was found that a second 
nearest neighbour to a first nearest neighbour t ransit ion has the same barrier 
(0.74 eV or 0.51 eV depending on t he mechan ism) as that of the reverse transition. 
Since t his is a low barrier one would expect t hat, over t ime, defects would li kely 
alternate between these two configurations a nd t his would provide a mechanism 
for wh ich defects can diffuse through the syst.em. Darriers for transitions to t hird, 
fourth and fift h nearest neighbour cli- interst it ial structures are over 3 cV, with 
t he except ion of a transition from a first to fifth nearest neighbour di-interst it ial, 
wh ich has a barrier of 1.48 eV. 
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Figure 5.23: The simple direct tmnsition mcchanism f07' a second nea7'es t neigh-
vonr' rli-inl,crsWial to become a thi"d near'esl, neighbour- di-interstitial. 
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Figure 5.24: Interpolated curves showing the predicted energy barriers for a tmn-
sition from a) (I third 1,0 second nearest neighbour configuration via a direct inter-
stitial hop and b) a fifth to third nearest neighbour configumtion via an exchange 
mechanism. 
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Figure 5.25: The magnesium exclwnge mechanism taking a fifth nearest neighbo1L1' 
di-intel's titial to (! third nearest neighiJo1tr di-interstil,ial. 
5.7 Bader Charge Analysis 
When studying the MgO system it was assllmed that, like the empirical potent ia l 
simulat ions, magnesium atoms have a positive +2 charge, whereas the oxygen 
atoms have a -2 charge. To test the validi ty of t his assumption, a Bader analysis 
(53] was carri ed out using PLATO. U. ing the 128 atom perfect cell , t he charge on 
magnesium atoms was found to be + 1.83, and therefore, on t he oxygen atoms, t he 
charge was -1.83. This shows that t he assum ption of ±2.0 used for the empirical 
pOi;ent ia ls is a reasonable one. 
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Anot her assumption made by the empirical potentials is that t he system can 
be modelled using t he fixed charge approximation. This assumes that the charge 
on atoms wit hin the system remains constant regardless of any defects that could 
occur during t he cascade simul ations. Usi ng the Bader ana lys is, again on the 128 
atom cel l, on a system containing d i-interstitials showed that charges varied by no 
more that ± O.l. This largest change in charge was present only on the intersti t ial 
atoms themselves, with charges on remaining atoms varying by no more than 
± O.04. It was found , using the example of the second to first nearest neighbour 
direct transition , that the change in charge on the in terstitial ,)tom invo lved in 
the motion is negligble. Results for Bader analysis calculations on a system 
containing an isolated vacancy showed t hat charge was distr ibuted throughout 
atoms in the system and not localised on the vacant si te. 
5.8 Conclusions 
One purpose of this section of work was to ascertain the reliabilility of using 
empirical potentials in cascade simul ations and the second purpose was to com-
pare t he energy barriers for defect motion. This test has been carried out by 
accurately study ing the energetics and structures of a variety of point defects 
using density functional theory. The bas is set , created in order to carry out t his 
task, approximated experimental observations of t he bulk parameters of MgO 
to a high accuracy, with t he computed value of t he lattice constant deviating 
from experimenta l value by less than 1%. The computed defect formation en-
ergies were found to converge to within ± O.leY using effi cient supercells, and 
these converged energies were t hen compared to results obtained lIsing a tandard 
Buckingham potent ial. 
The form ation energies of di-vacancies were overestimated by 1-3 eV by em-
pirical potentials, yet the formation energies of four out of the five considered 
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• di-interst it ial st ructures were underestimated by less than 1 eV. The order of 
favourabili ty of these defects is generally in good agreement. The only exception 
to t his is for a specific case, t hat being the 2nd nearest neighbour di-interst it ial, 
which is also shown to relax to a slightly d ifferent st ructure to that which the 
ab-initio methodology indicates. 
The second body of work carried out on MgO involved the computation of 
transit ion barrier energies for these same defects. The defect barrier calculat ions 
ind icate that a first nearest neighbour di-interst it ial would quickly form from a 
t hi rd or four th nearest neighbour defect due to a very low transit ion energy of 0.3 
eV and 0.1 eV respect ively. Bm-riers for t ransitions from a fifth nearest neighbour 
are all in excess of 1.4 eV and so if a defect of this separation were to form, 
then it is unlikely to change configuration. Empirical potential-based cascade 
simulat ions have shown that the d i-in terstitials can diffuse through the material 
by changing their configurations. Observing the DFT results indicates that the 
fi rst and second nearest neighbour d i-interstitals have equal migration energies 
to swi tch between each other and so it is possible t hat this is the mechanism 
that will allow these defects to move through the bulk material. In agreement 
wi th empirical potential simulations [8, 9], isolated vacancies were fou nd to have 
relatively high t ransit ion barriers of over 2.2 eV and so are considered to be 
immobile. Charges on atoms within system were analysed using a Bader analysis 
and it was found that atoms surrounding defects have chm·ges very similar to the 
atoms present in the remainder of the bulk material. Transitions seem to va.ry this 
charge by very li ttle and so it is feasible to utilise a fi xed charge approximation 
when performing larger simulations using empirical potentials. 
T he comparison between the DFT and empirical potential methodologies dis-
plays that the empirical potentia Is perform well when predicting formation ener-
gie and behaviour of di-intersti tial defects , but less well when predicting ener-
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get ics of d i-vaca11cies. 
Chapter 6 
Magnesium Aluminate Spinel 
In addition to studying magnesium oxide, a more complex material magnesium 
alul11 inate sp inel (iVlgA I20,, ) (often referred to simply as sp inel) was considered. 
It is believed that spillels possess strong neutron radiation resistance aJld it is this 
property tha t would make spinels ideal candidates for the storage of radioactive 
waste products. Experimental work that has been carri ed out using neutron bom-
bardment indicates that anti-site disorder on the cation sublattice is the majority 
of the retained damage fonow ing the irradiation. It is this anti-site accommodat-
ing property of spinels t hat helps motivate t he belief that the material call resist 
radiation damage. Studies have been carried out on spinels (both normal and 
inverse), using em pirical potentials, to mode l radiation damage and t he effects of 
inversion [18, 19, 20 , 21]. A ser ies of OFT computations have been carri ed out , 
and these have been used to compute formation energies and binding energics of 
point defects and defect clusters that are fOllnd most commonly in the empirica l 
potential s imulations. This chapter describes the structure of spinel, a long wit h 
method and results of the investigation into thc modelling of defects in MgAI20". 
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6.1 The Structure of MgA lz0 4 
Spinel, unlike magnesium oxide, has a fairly complex structure. Figure 6.1 shows 
the tmdit ional unit cell of spinel [54) which has spftce group Fd3m. The empty 
grey boxes in the di agram show repeti t ions of the grey box marked with a red 
outline and the empty white boxes show repetit ions of the white box marked 
with a blue out line, so it can be SOCII that the struct ure repeats in a diagonal 
fashion, a long < 110> (unlike the lattice structure of lVlgO, which repeats in a 
< 100> direct ion). Besides havi ng an addit ional species of atom (aluminium) 
8.0122 A ) 
Magnesium 
Aluminium 
Oxygen 
Figw'e 6.1: A diagram showing the st7'Ucture of spinet modified from Sickafu s et 
at. !54J. G-rey cubes am repetitions of the cube with the red outline and lvhite 
cubes aTe repetitions of the cube with the blue outline. 
------------ - -----
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in the system, there is also the presence of unoccupied octahedral symmetry 
sites which simply represent latt ice sites where atoms are not present in the 
perfect spinel lattice. A rule of the structure is t hat each oxygen atom has three 
aluminium atoms and three unoccupied octahedral lattice sites surrounding it and 
each aluminium atom has six oxygen atoms surrounding it. T hus the structure 
comprises of twice as many oxygen atoms as it does aluminium atoms. 
An additional complication in the st ruct ure is the positioning of oxygen atoms 
within the material as they do not sit exactly on latt ice sites, even in a perfect 
crystal. The oxygen atoms are slightly displaced away from a neighbouring mag-
nesium atom, the distance of which is determined by an additional structural pa-
rameter, It. At room temperature. the experimenta l lattice constant of :-lgAI20" 
spinel is 8.0887 A. and the experimental bulk modulus is 1.96 Mbar with the ex-
perimental value of the 'U parameter is 0.388 [55]. DFT computed positions of 
all atoms within a standard 56 atom unit cell of the structure are shown in table 
6.1. 
6.2 Creating a Basis Set 
Following the same procedure as for the creation of the locali sed orbita l basis 
set which was utili sed for magnesium oxide (the Olltl ine of which is presented in 
section 5.3), a basis set can be constructed for magnesium aluminate spinel. A 
basis set for aluminium is required. Tests were perfomed using a standard four 
atom primi tive cell of aluminium and table 6.2 shows the resul ts for a variety 
of basis sets. sand p orbitals lVere taken from the neutral atom, and s, p and 
d orbitals were taken from both doubly-positively and triply-positively charged 
atoms. This sholVs that, as with the magnesi UI1l oxide basis set, the optimial 
cutoff appears to be 7 a.u. as this produces both the most accurate prediction 
of lattice constant (when compared to the experimental lattice constant of alu-
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Table 6.1: Car-tesian cooniinates of the atoms in a 56 atom supeTcell of spinel. 
CooTdinates x , y and z expTessed as multiples of the lattice constant. 
Species x y z Species x y z 
Mg 0.000 0.000 0.000 0 0.111 0.111 0.389 
Mg 0.500 0.500 0.000 0 0.611 0.611 0.389 
iVIg 0500 0.000 0.500 0 0.611 0.111 0.889 
Mg 0.000 0.500 0.500 0 0.111 0.611 0. 889 
Mg 0.250 0.250 0.250 0 0.111 0389 0.111 
Mg 0.750 0.750 0.250 0 0611 0.889 0.111 
Mg 0.750 0.250 0750 0 0.611 0.389 0.611 
?v1 g 0.250 0.750 0.750 0 0.111 0.889 0.611 
AI 0.625 0.125 0.125 0 0389 0.111 0.111 
Al 0.125 0.625 0.125 0 0 889 0.611 0.111 
Al 0.125 0.125 0.625 0 0.889 0.111 0.611 
Al 0.625 0.625 0.625 0 03 9 0.611 0.611 
Al 0.875 0375 0.125 0 0.861 0.361 0361 
Al 0.375 0.875 0.125 0 0.361 0.861 0.361 
Al 0.375 0.375 0.625 0 0.361 0.361 O. 61 
Al 0.875 0.875 0.625 0 0.861 0861 0. 861 
Al 0.875 0.125 0.375 0 0.861 0.139 0.139 
Al 0.375 0.625 0.375 0 0.361 0.639 0.139 
At 0.375 0.125 0. 875 0 0.361 0.139 0.639 
At 0.875 0.625 0.875 0 0.861 0.639 0639 
Al 0.625 0.375 0.375 0 0639 0.361 0.139 
At 0.125 0 875 0.375 0 0.139 0.861 0.139 
Al 0.125 0.375 0.875 0 0.139 0.361 0.639 
Al 0.625 0.875 0.875 0 0639 0.861 0.639 
0 0.389 0.389 0389 0 0.639 0.139 0.361 
0 0.889 0.889 0389 0 0139 0.639 0.361 
0 0.889 0389 0.8 9 0 0.139 0.139 0.861 
0 0.389 0889 0 889 0 0.639 0639 0.861 
- ---- -- - - ----- ----- - - ---- - - - - - ---
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l'c (a.u. ) FFT Mesh Lat. Const.(A) Bulk Mod (MBar) Energy/atom (Ry) 
6.0 0.2 3.9565 0.9154 -4.1941 
60 0.4 3.9565 0.9154 -4.1941 
7.0 0.2 3.9775 0.8071 -4.1952 
7.0 0.4 3.9775 0.8071 -4.1952 
70 0.6 3.9775 0.8071 -4.1952 
7.0 0.8 3.9758 0.7981 -4.1950 
8 0 0.2 3.9726 0. 8011 -4. 1947 
8.0 0.4 3.9726 O. 012 -4.1947 
8. 0 0.6 3.9726 0.8011 -4.194 7 
7.0 ACe 39809 0.7 70 -41964 
Table 6.2: Calculated bulk ll7YJlle1·ties of aluminium JOI' the a va7'iety 0/ basis sets 
with varying cut-off radius r c . 
minium of 4.05A [26]), but also the lowest energy per atom. The experimental 
bulk modulus of 0.762 Mbar is accurately reproduced . The atom centred mesh 
with the same parameters as in the magnesium oxide computations and the re-
sults of this are also shown in table 6.2. Combining this basis set cutoff and these 
integration mesh pa,rameters with the existing sets for magnesium oxide produces 
a spinel basis set. Varying the k point mesh between 10 10 10 and 6 6 6, showed 
negligible change in the predicted bulk parameters of spinel (as shown in table 
6.3), and so the mesh of 6 6 6 was llsed with confidence. 
6.3 Calculation of the u Parameter 
When using PLATO to analyse defect energetics, it is necessary to efficiently 
compute the initial, relaxed displaced posit ions of the oxygen atoms. This can 
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I< Point Grid Lat . Const . (A) 
666 8.01 58 
10 10 10 8.0151 
BuLk Mod. (NI Bar) 
2.0127 
2.0127 
90 
Energy/atom (Ry) 
-37.3084 
-37.7084 
Table 6.3: Calculated bulk pm perties of spinel when utilising two differ-ent k point 
grids. 
then be taken in to account at t he start of a simulation to avoid carrying out 
t he displacement of the oxygen atoms from "ideal" lattice sites when performing 
relaxations. To use OFT to compute t he est imate of the u parameter, it is simply 
a case of relaxing the small primi tive cell of spine! (consisting of 14 atoms), first 
assuming oxygen atoms lie at the posit ion predicted by t he experi mental 1L pa-
rameter of 0.388, and t hen observing the displaced positions of t he oxygen atoms 
at the end of the relaxation. Only a very minute va riation from t he experimental 
resul t (specifically, a va lue of 0.389) was found using OFT. 
6.4 Point Defect Types 
In addition to a variety of poss ible interstit ial and vacancy configurat ions for each 
of t he three atom species, magnesium, aluminium aJld oxygen, there is also the 
possibi li ty of fo rmation of cation antisites . These defects involve t he presence of a 
magnesium atom on an aluminium site Or vice-versa. Experimentally it has been 
shown t hat naturally occming spine! has a large quan tity of these ant isite species 
[56, 57, 58] . St udies have been carried out [12, 14] on the effects of increasing the 
quantity of antisites in spinel , which is also known as the level of inversion, and 
observing energy variation and any effects induced on the lattice parameter. 
Collision cascades utilising empirical potentials have previously shown a pres-
ence of vacancies, spli t interstitia ls and antisites, and to this end , the energetics 
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of such defects have been studied from an ab-initio perspective using PLATO . In 
a similar vein as with the study of magnesium oxide, computing energetics using 
DFT will again allow a direct comparison with the empirical potential resul ts. 
6.5 Isolated Anti-Sites 
The in itial calculations involved computing the formation energy of a pair of iso-
lated ant i-sites, in much the same way as t he form ation energies for the isolated 
magnesium and oxygen vacancies and interstitia Is were computed in magnes ium 
oxide. The computations involved placing a magnesium atom on an aluminium 
site in one cell. and relaxing, t hen repeating this proced ure in a separate cell 
with an alumi nium atom placed on a magnesium atom site. The two cell energies 
can be combined to compute the format ion energy for a pair of isolated ant i-si tes 
and t he resulting energies are di spla 'ed in table 6.4. Due to the simplicity of 
Table 6.4: The for'mation energies fTOm the DFT calculations fOT the paiTs of 
isolated anti-sites as a function of the system size. 
N umber of Atoms Formation Energy (e V) 
56 
112 
224 
0.552 
0.651 
0.636 
this small defect, convergence is reached to one decimal place, and the resulting 
formation energy for a pair of iso lated anti-sites is 0.63 - 0.65 eV. In add it ion to 
computing the fo rmation energy, the relaxed structure surrounding each of the 
two ant isites was studied. Figures 6.2 and 6.3 show t he structures of the magne-
sium and aluminium anti-site defects respectively. Taking into considerat ion the 
fact that t he oxyg n atoms have already been displaced off their experimentally 
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Pigure 6.2: The surmunding structu!'e of an isolnl.cri ma!Jnesium anti-site in 
spine/. Elite circles represent magnesium atoms, "cd circles r'epresent oxygen 
atoms and green cirdes 'repr'esent aluminium al.oms. e"een bo.'Ces are unOCC1J.-
pieil octahedml sites. 
Figure 6.3: The surrounding structure of an isolated aluminium anti-site in spine!. 
CHAPTER 6. MAGNESIUM ALUMINATE SPINEL 93 
determined lat tice sites, in accordance with the value of the 'U parameter , t he 
laJ'gest displacement upon relaxation of any oxygen atom in these structures was 
found to be only 0.139 A. This implies there is only a very small deviation from 
the perfect spine! structure during t he creation of ant i-site defects. 
In t he empirica l potential simulat ions, a fixed charge model has again been 
asslU11ed. Here magnesium and oxygen are assumed to take charges of +2.0 and 
-2.0 as in magnesium oxide and t he aluminium is assumed to have a fixed charge 
of +3.0. A preliminary check was carried out using the isolated ant i-site defect 
calculat ions in order to ver ify t he reliabi lity of th is assumption. In t he standard 
DFT calculation . if a cell has a single a luminium an isite, then an add itional 
electron is removed from t he system due to t he chru'ge difference of 1.0 between 
an aluminium and a magnesium atom . It is possible to vary t his number of 
electrons and calculate form at ion energies in t he same way. The results of these 
calculations using a 56 atom supercell ar shown in table 6,5. T he'e calculat ions 
Table 6.5: Fomwtion energies of a pail' of isolated anti-sites, with varyr:ng chalye 
difference between the magnesium and aluminium atoms . 
Charge on Aluminium - Charge on Magnesium Formation Energy (cV) 
o 
1 
2 
6. 73 
0.55 
7.1 3 
clearly indicate t hat t he charge on the aluminium atoms is expected to be 1 
greater than that on t he magnes ium atoms due to the much lower energy obtained 
wit h this combination of electrons. (This is of course true for the fixed charge 
model) . 
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6.6 N eighbouring Anti-sites 
The energetics of interacting anti-sites are also considered. In these calculations, 
the defects are both placed in the same supercell and then t he atoms in the cell 
are allowed to relax. The energy of an equivalent cell containing a perfect spinel 
structure is t hen subtracted to compute the format ion energy as explained in 
section 3.10. Due to restri ctions in the size of the systems t hat can considered 
using DFT, anti-sites have been considered up to and including a fift h nearest 
neighbour separation. The separation distances are shown in tab le 6.6 for the 
varying distances. Here the supercells that have been used in the calculations 
Table 6.6: The distances between the pair- of anti-site def ects for each of the 
considered neighbouring sepamtions . 
Anti-s ite Neighbour Sepal"ation Separation Distance (A) 
INN 3.32 
2NN 5.21 
3NN 6.57 
4NN 7.70 
5NN 868 
have been created in order to maximise the distance between the defects and any 
periodic repeat of the defect that are created with the boundary conditions. 
The formation energies for each of the anti-site defect pairs are shown in ta-
ble 6.7. Convergence is shown in figure 6.4 using results from utilising three 
different supercells for each defect. The DFT results in t he table are the forma-
tion energies taken from the lal"gest supercell con idered for each defect. Due to 
computation limitations for large systems, the largest supercell used for the fifth 
nearest neighbour anti-site is not as well converged as t he largest cell s used for 
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1.0 
0.8 
-J 
• 
--- lNN 
--- 2NN 
-- 3NN 
- 4NN 0.2 
--r- SNN 
O.O +------------------------------.----------~ 
9.5 10.0 10.S 11.0 11.5 12.0 12.5 13.0 
Repeated Image separation Distance (.8.) 
Figure 6.4: The format ion energies computed using DFT of anti-site defects. 
Fijl.een different superceLLs are used in total, with three different ceLLs 1Lsed for 
each defect. 
Table 6.7: The fonn{Llian energies for p(tirs of neighbouring {mli-site d~rects. The 
empirical potential results were computed using constant-press'/LT'e Matt-LWleton 
calculations. 
Anti-site Separation Formation Energy (cV) 
DFT EP (without shells) EP (with shells) 
I NN 0.48 0.94 0.98 
2NN 0.67 LOO 0.98 
3NN 0.68 1.23 1.21 
4NN 0.75 1.26 1.23 
5NN 0.77 1.30 1.25 
Isolated 0.64 1.5 1.46[59] 
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the other defects. 
Also included in tab le 6.7 are empirical potential rcsul ts [18], and it can be 
seen that there exists a similar trend . From these resul ts, it appears that t he 
anti-site format ion energy increases as the a nti-sites are fart her separated. This 
would indicate that it is more likely that ant i-sites would be found neighbouring 
each a nother, although the OFT-computed formation energy for the pair of iso-
lated anti-sites is actually lower than all of t he considered confi gurations except 
for t lJ at of the first nearest neighbour configuration. In the empirical poten-
t ia l calculations, t he neighbouring ant i-site pai rs are fou nd to be lower in energy 
tha n the iso lated anti-site pair. Figure 6.5 shows these formation energies plotted 
1.3 
;-
~ 1.1 
> 
E' 
v 
.D 0.9 
c 
o 
.~ 0.7 
E 
o ~ 0 .5 
..... DFT 
........ Empirical Potentials 
(with shells) 
---< 
___________ ~~_~_~_~_c ______ _ 
0.3 -'-_________ .--_____ .....1 
o 2 4 6 8 10 
Anti·site separation (.8.) 
Figure 6.5: The fomwtion energies computed using both DFT and empirical po-
tentict/s of anti-sites of varying separation distances . Dashed lines indicate the 
formation energies of isolated anti-sites. 
against the act ual separation distances in angstrom units. It can be seen from 
this graph that the empirical potential com putations do seem to fo llow a similar 
trend, a lbeit keeping a fixed magnitude of about 0.5 to 0.7 eV larger than the 
DFT results. The formation energies of the infini tely 'eparated anti-site differ by 
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the larger amount of approximate ly 0.9 eV between DFT and empiri cal potent ial 
computations. 
6.7 Magnesium Interstitials 
Previous empirical potent ial cascade simulations [18, 19] have indica ted that in 
addi t ion to the anti-site defects. at the end of a simul ation, there exists a large 
quant ity of interstit ial and spli t interstiti al defec ts. Using DFT, the energetics 
of the possib le structures of magnesium intersti t ials bave been studied. Com-
putations were init ia lly carried out on an isolated magnesium interstiti al atom 
sitting on an octa hedral previously-unoccupied site . as shown in figure 6.6. The 
magni tudes of displacement of labelled atoms are shown in table 6.8. Here it 
Table 6.8: The magnitude oJ the displacements oJ the atoms dl!7'ing 7·elaxation by 
DFT. The labels ref er' to the letters in jig1l7'e 6.6. 
Label Species Displacement (A) 
A Oxygen 0.11 
S Oxygen 0.27 
C Magnesium 0.4 5 
D Aluminium 0.10 
can be seen t hat t he interstit ial atom remains stationary on its octahedral site 
during relaxation, whereas t he nearest neighbour magnesium atom, labelled C in 
the diagram, moves 0.45 A direct ly away from it, leaving a separation distance of 
2.19 A between the two magnesium atoms. Th is displacement also causes the 
oxygen atom , S , t o move 0.27 A. These are t he only appreciable displacements as 
surrounding oxygen atoms only move approximately 0.1 A. The formation ener-
gies of the isolated magnesium interstitial structures have been calculated using 
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o 
o ~c 
- - ---c:-JA 
Figure 6.6: The surrounding str'uctw'e DJ an isolated magnesium interstitial lo-
caled on a ]Jr"e1!io1tsly unoccupied octahed'ral site in spinel. Ar'l"Ows indicate dis-
l)lllcem ent directions dming j'e/i,xat'ion and lhe leUers co71'espond to the magni-
tudes in I,able G.8. 
c 
E 
Figure 6.7: The partially sU'l"1'Olmding structur'e of a magnesium split intersti tial, 
w/!ere two magnesium interstitial atoms am located at octahedral sit,es near a 
neighbouring magnesium vacancy. 
- - - - - - - - - - - ---- - ---' 
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DFT with a variety of supercell sizes and the resul ts of these computations are 
shown in table 6.9. These format ion energies are computed using the calculated 
energies of a supercell containing an isolated magnesium interstitial structure 
shown in figure 6.6 and a superce ll containing an isolated magnesi um vacancy. 
Therefore, the energies are those computed for an infi nitely separated Frenkel 
pair. 
It would appear that the format ion energy of this parti cular isolated Frenkel 
pair converges to a value of 7.56-7.58 eV. It was verified with a series of cal-
culations t hat t he format ion energies of t he isolated magnesium interstitial are 
identical. regardless of which octahedral site the magnesium interstitial atom is 
initially placed in. 
It was found t hat a more compl ica ted magnesium interstitial defect , a spl it 
interstitial , was freq uently present following collision cascade simulations. The 
structure, shown in figure 6.7, consists of two magnesium atom, both located 
on octahedral sites, and a magnesium vacancy. Table 6.10 shows the calcu lated 
magnitudes of di splacement for the labelled atoms. From t his, it can be seen that 
the most substantial displacement is that of the two magnesium atoms ini tially 
placed on the corners of the cell , which both move to form a spli t interstit ial which 
is considered to form around the magnesium vacancy. The relaxed position of 
t he di-interstit ial places the atoms 2.45 A apart and 0.69 A below the magnesium 
vacancy. The ivlg-Vacancy-iVlg angle is calculated to be 121.5° (if the interstitial 
atoms were located perfectly on lattice sites , t his angle would be 109°). In com-
parison t he empirical potential simulations predict the same separation of 2.45 A 
but an angle of 128.4°. 
Again, in t he format ion energy calculations it is also necessary to combine 
the energy of a relaxed cell containing this defect structure wi th the en rgy of a 
relaxed cell containing an isolated magnesium vacancy, to create an Frenkel pair 
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Table 6.9: The formation ener'[Jies of a F'renkel pair comp1'ising of an isolated 
magnesium inteTstitial placed on- a pr-eviou ly unoccupied octahedral site and an 
isolated magnesium vacancy. These energies aTe computed using a variety of sizes 
of supercell. 
============================== 
Atoms F'ormation Energy (e V) 
56 5. 01 
112 7.05 
168 7.56 
224 7.58 
Empirica l Potentials (shell s) 11.4 
Empirical Potential s (no shell s) 12.8 
Table 6.10: The magnitude of the displacements of the atoms sUl1nunding the 
magnesium split interstitial stmctum dming Telaxation, computed using D FT. 
The labels refer to the letteTs in .figure 6. 7. 
Label Species Displacement (A) 
A Oxygen 0.040 
B Oxygen 0.060 
C lVlagnesiull1 0.37 
D Aluminiull1 0.063 
E Oxygen 0.11 
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of isolated defects. It has also been checked that t he energy is ident ical, regardless 
of which two octahedral sites are chosen for the two magnesium intersti t ial atoms 
to initially lie upon. The formation energies were calculated and are displayed 
in table 6.11. The largest system size of 224 atoms indicates a form ation energy 
Table 6.ll: FOI'mation energies, computed using D FT, of a Fr·enkel pair- consisting 
of the isolated magnesium split inter·stitial str-uctur-e shown in figure 6.7 and an 
isolated m agnesium vacancy. 
Atoms Form at ion Energy (eV) 
56 6.30 
ll2 6.36 
168 6.56 
224 6.68 
Empirical Potentia Is (shells) 10.9 
Empirical Potent ials (no shells) 12.4 
of t his split interst it ial of 6. 68 eV . This value is 0.9 eV smaller t han that of t he 
lone magnesium interstitial and thus, the spli t in terstit ial would appear to be 
t he favourable configuration as predicted by empirical potent ial simulations. The 
empirical potential simulations overest imate the form ation energy by a factor of 
two, when compared to the DFT resul ts. 
6.8 Aluminium Interstitials 
The formation energy of a simple isolated alumin ium intersti t ial struct ure is 
shown in figure 6.8. Here, the interstit ial atom is simply placed on an unoccupied 
octahedral site, and the system is relaxed using DFT. The computed formation 
energy of a Frenkel pair of the isolated aluminium interstitial and the isolat ed 
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aluminium vacancy appears to converge to a value in t he region of 9.2 - 9.9 eV. 
These values are not well as well converged as previous defects t hat have been 
considered , although a system size of 168 atoms is not considered. This is because 
only a small d ifference in separation distance is ex per ienced between 112 and 168 
atom supercells containing alumin ium and oxygen ddects. The work carried out 
using empirical potentials have shown that this defect is unlikely to form. and 
instead , t he aluminium intersti t ial will form as part of a split interst it ial along 
wi th a magnesium interstitial atom, sharing a magnesium site. This structure is 
shown in figure 6.9. Here the aluminium is still placed on an unoccupied octa-
hedral site , but along with it. t he magnesium atom is removed from its site and 
placed on a neighbouring unoccupied octahedral site. This combination produces 
formation energies as presented in table 6.12. These values aTe lower t han fo r the 
Table 6.12: Formation energies computed for F'renkel pair with the magnesium-
aluminium split interstitial constructed as shown in jiu1L1"e 6.9. 
Atoms Format ion Energy (eV) 
56 
11 2 
224 
Empi ri cal Potent ials (shells) 
EmpiJ-jcal Potentials (no shells) 
8.27 
8.37 
8. 77 
139 
15.1 
Frenkel pair with an isolated aluminium interst itial atom, converging to a value 
in the region of 8.3 - 8.8 eV. Empirical potential simu lations predict a format ion 
energy 5.0 - 6.5 V larger t han the DFT results. 
- ------ ----- - - ---- - - - - - - - - - - --
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Figure 6.8: The sinqJle isolated aluminium interstitial s17uctm'e, consisting DJ a 
single al!t'fll.inium atom located on a pl'eviorLsly unocClLpied octahedral latl.ice site. 
The h'ighliqhted atom l'Cp'l'eSents an interstitial atorn. 
Figure 6.9: The IJartially surrounding strncture of a magnesium-aluminium split 
interstitial, where both an al1Lminium and a magnesium inter'stitial atom are lo-
cated at octahedral sites near a neighbouring magnesium vacancy. The highlighted 
atoms n~present interstitial atoms. 
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6.9 Oxygen Interstitials 
'vVith t he case of the oxygen interstitials, it was found in previous empirical poten-
t ial 'imulations that oxygen interst itia Is form split interst itials across an oxygen 
vacancy. There exists four potent ial candidate configurations for this and these 
arc shown in figure 6.10. The candidate structures of these defects were obtained 
from previous cascade simulations [21) and it was shown that only two unique 
configurations exist due to the symmetri c nature of the structure. Figures 6.10 
(a), (b) and (c) show the symmetrica lly equivalent, lower energy, structure. The 
OFT computed energies are displayed in table 6.13. The formation energy was 
computed using t he empirical potentia Is and was found to be 11.0 eV with shells 
and 12.5 without , thus again overest imating the form ation energy, this time by 
2.1 or 3.6 cV depending on the approximat ions used. 
6.10 Aluminium Ring D efect 
A more complicated structure was found to be stable in empirical potential simu-
lations. This defect has been termed a ring defect and consis ts of three a lllminiull1 
interstitia l atoms, occupying what were unoccupied tetral1edral sites, and t hree 
aluminium vacancies in a circular formation. Due to the complexity of t he defect , 
the OFT calculations become more demanding as it is difficult to reduce inter-
actions between the defect and its periodic repeats. Nevertheless , using PLATO , 
the defect was found to have a local minimum of energy and a formation energy 
was calculated for two cell sizes, those being a 112 atom and a 224 atom cell. The 
resulting energies were found to be 7.66 and 7.34 respect ively, for calculations in 
these two cell sizes. Empirical potent ial simulations estimated a form ation energy 
of approximately 10.2 eV, thus overestimat ing the energy by 2.5 - 3 eV. 
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o 
(a) (b) 
(c) (d) 
Figmc 6.10: Pour possible oo"'ygen split interstitial S/,r'/Lctures in < 111l> -type direc-
tions. Relaxations 'using DPT show that these a7'e stable, bnt 3 are symmetriwlly 
eqnivalent 
Table 6.13: The calculated for1n.ati on energies of F'l'enkel pairs of ool.'ygen split 
interstitial defects computed using DFT and empirical potentials. 
Atoms Formation Energy( e V) 
Struct ure (d) Structure (a), (b) and (c) 
56 9.51 8.74 
112 9.79 9. 12 
224 9A1 8.86 
Empirical Potentials (shells) 19.9 11.7 
Empirical Potentials (no shells) 20.3 12.2 
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6.11 Vacancies 
Isolated magnesium , aluminium and oxygen vacancy defects have also been on-
sidered. Energies of superccl ls contai ning anion and cat ion vacancies were used to 
create the defect energy for the Frenkel pair of isolated defects comprising of each 
of the th ree species of atom. It was also possible to consider t he formation energy 
of t he Schottky defect consisting of a combination of a magnesium vacancy, two 
aluminium vacancies and four oxygen vacancies and t his was compu ted as 24.7 
eV using 224 atom supercells. The empirical potentials have overest imated this 
value with a computed energy of 37.24 eV. 
6.12 Summary Table 
Table 6.14 summarises the resu lts found in the previous sections. The DFT results 
presented are t hose taken from the simulation using the largest cell size available, 
and are compared to equivalent calculations that have previously been carried 
out using the empirical potentials [18, 19, 20 , 21]. From these results it can be 
seen that the empirical potential simulations overest imate formation energies for 
every ty pe of defect t hat has been considered. The difference between calculated 
form ation energies of the anti-sites using t he two met hodologies is relatively small 
when compared to that of the interstitial defects. The largest di screpancy is 
for the computed formation energy of the Mg-Mg split interstitial. Here, the 
empirical potentials overestimate the formation energy by approximately 64%. 
Also, the empirical potcntials predict that the oxygen split interstitial is more 
favourable than the AI-Mg spli t interstit ial , whereas the DFT resul ts predict 
that they have sim ilar energie . 
Empiricial potential simulations utili se fixed charges of + 2, -2 and +3 for 
magnesium, oxygen and aluminium atoms respectively. A Bader analysis was 
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Table 6.14: A summary of the f01mation energies f01' a vaTiety of defects in 
magnesium aluminate spinet, computed using both density functional theory and 
empirical potential methods. 
Defect 
INN Antisite 
2NN Antisite 
3NN Antisite 
4NN Ant isite 
5NN Antisite 
Isolated A ntisi te 
Isolated lvlg Interstitial 
Mg-Mg Split Interst itial 
Isolated Al Interstit ial 
Al- rvlg Split Interstit ial 
0-0 Split Interstitial 
Ring Defect 
:Formation Energy( e V) 
OFT Empirica l Potential (with shells) 
0.48 
0.67 
0.68 
0.75 
0.77 
0.65 
7.58 
6.68 
9.92 
8. 77 
8.86 
7.34 
0.98 
098 
121 
123 
1.25 
1.46 
11.4 
10.9 
13.9 
11.7 
10.2 
carried out using OFT to determine the charges on the atoms. From this, it was 
found that in a perfect cell , magnesi um atoms carry a charge of + 1.78, oxygen 
atoms a charge of -1.73 and the aluminium atoms a charge of +2.56. 
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6.13 D efect Clust ers 
The process of creating a pair of uninteract ing isolated anti-sites may be written 
where standard l<roger-Vink notation is utilised [60J. Xy denotes a systelll with 
one atom of species X sitting on the lattice site of an atom of species Y. The 
superscript denotes the charge of this part icular defect, wi th' , . and x indicating 
overall charges of -l. +1 and 0 respectively. In add it ion , the process of creat ing 
the three different interstitial defects (a long with their associated vacancies. thus 
creat ing an infinitely separated Frenkel pair) may be written 
AI X -t Al·:· + VIII 
. AI 1 All 
00 -t 0;' + V6. 
Here a subscript i denotes an interstitial atom and a V denotes a vacant site. 
It has been shown that it is the formation energy of anti-site defects is very 
low, and so it is of interest to consider the formation of anti-site defects from 
simple defect types. 
AI X V" V'" AI· 
. AI + r.,ifg ---+ Al + r"lg l 
These four processes describe the creation of anti-site defects from an isolated 
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vacancy or in terstitial defect. Energies of the defect combinat ions have been 
computed using DFT. The difference in enel"gies between the right hand side and 
left hand side of these reactions are given in table 6.15 along wi th results computed 
using a n empiricial potential model wi t h shells [59] . From this, it can be seen 
Table 6.15: Pr'ocess energies /07' the form ation of antisite defect combinations 
from simple point ~d~ej,~e;;c,;ts~.============== 
Defect P rocess Energy (cV) 
DFT Empirical Potential 
V"' AI" Al + t>. lg 1.12 1.26 
V~lg + i'vlg;\1 -0.48 0.20 
\1gi + Al ~lg -0.97 -1.67 
Ar , + M g;\1 1.84 3.13 
that the order of favourability is the same in both cases, wi t h t he creation of a 
system with an aluminium interstitial and a magnesium a ntisite from a system 
wit h a single magnesium interstit ial hav in g t he highest energy. A noticeable 
difference between the two methodologies is that the empirical potent ials predict 
t hat an aluminium vacancy is more favourable t han a combination of a magnesium 
vacancy and a magnesium anti-site (the isolated aluminium vacancy has and 
energy of 0.2 eV less t han the pair of isolated defects) whereas this is not true for 
the DFT resul ts. DFT therefore predicts t hat any isolated aluminium defects, 
be t hey interstit ials or vacancies, are likely to form magnesium defects a long 
with a corresponding anti-site. Empirical potentials differ in this observation by 
discovering that aluminium vacancies are more energet ically favourable than a 
magnesium vacancy and anti-site combination. 
Previous work by Ball et al. [59] conta ins a study of a number of defect 
clust ers along with these simple isolated examples. Table 6.18 shows the binding 
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energies of nineteen defect clusters computed using DFT (the ini t ial coordinates 
of which are shown in tables 6.16 and 6.17, obtained using empirical potent ia Is) . 
In addition, the resulting binding energies from computations using empirical 
potentials from Ball 's work are also shown. 
In order to ensure converged energies, relaxations of each of the clusters was 
carried ou t using several different sized supercells. Binding energies were com-
pu ted using the following equation , 
m 
Eb~'ndjllg = E~~1Lster - 2:= E;24 + (224r11 - n)E;!~i~CL' 
i=! 
where n is t he number of atoms in the cell containing the cluster. rn is t he number 
of point defects comprising the cluster, Ei:ndi"9 and E12'1 arc energies of the cell 
conta ining the defect. cluster and the cell containing one of the isolated defects , 
amI E;~~'lect is the energy per atom in a perfect cell. To ensure convergence 
of binding energy, the value of n was increased . The convergence can be seen 
in figure (6.11 ) for each of the nineteen unique clusters. Here, the majority of 
energies converged to 2 decimal places. The converged DFT energy values in 
table 6.18 are taken from calculations ut ilising the largest supercell. 
All of the values in table 6.18 are negative thus implying that clustering of 
defec ts is energetically favourable. However, the DFT results are 3 to 4 t imes 
smaller in magnitude than the empirical potential resul ts. For the empirical 
potent ial results, it was found t hat trimer defects had a binding energy much 
larger in magni tude than corresponding dimer defects. DFT agrees with this 
t rend for all cases except for the cluster comprising of an a luminium vacancy and 
thl'ee aluminium antisites. 
Using t hese binding energies it is possible to compute energies of a variety of 
processes for the creation of combinations of defect clusters. The processes are 
repre ented by the following series of equations, 
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Table 6.16: C007-dinates of the point defects pTesent in twelve S'UpeTcells contain-
ing defect cluster·s. CoonLinates, x, y and z aTe cartesian coordinates and (!T'e 
pr'esented as multiples of the lattice constant. A magnesium atom lies at (0, 0, 
0). 
Defect Cluster Point Defect x y z 
{Vc : l'vIg~ l } V 0 0.613 0.389 0.61 3 
Ivlg~1 0.626 0.376 0.376 
{Vc : 2 1'vI g~l} V 0 0.613 0 389 0.61 3 
NI g;\ I 0.626 0.376 0.376 
Mg~1 0.376 0.376 0.626 
{ V~'l g : Al~'l g } V" "Ig 0751 0751 0.250 
Al~lg l.000 1.000 0.000 
{VKIg : 2A l ~lg } V" 0.000 0.500 0.500 i\lg 
Al~ l g 0.000 l.000 0.000 
Al ~ilg 0.000 0.000 1.000 
{ VIII . A l ~ l g } V/If 0.125 0.876 0.375 AI' Al 
Al;\lg 0.000 1.000 0.000 
{V'" : 2Al~lg } Y'" 0.125 0.876 0.375 Al Al 
Al~'!g 0.000 l.000 0.000 
Al~ l g 0000 0.500 0.500 
{V;('I : 3Al~lg } VII! 0.125 0 876 0.375 Al 
Al ~ l g 0.000 l.000 0.000 
Al ~'l g 0.000 0 500 0.500 
Al~lg 0500 0.000 0 500 
{ i\ll g:~1 : A l~ l g } Al~ lg 0.000 l.000 0.000 
rvlg;\1 0. 125 0.876 0.375 
{ O~ : Al~'l g } V 0 0.389 0.389 0.389 
0" 
• 
0.442 0.254 0.397 
O~I 
• 
0.254 0.442 0.395 
Al~lg 0.250 0.250 0.250 
{ O~ : 2AlNlg} V ' 0.389 0.389 0.389 0 
0" 
• 
0.433 0.276 0.397 
0 " 
• 
0.224 0.453 0.393 
Al~lg 0.250 0250 0.250 
Al~lg 0.000 0500 0500 
{rVIg;' : rvIg;\d V" t\Jlg 0500 0500 l.000 
Ivlg; 0.387 0601 0.920 
Ivlg; 0.610 0.395 0.923 
rvIg;\1 0.125 0.375 0 876 
{Ivlg; : 2Mg;\I} V" Mg 0.500 0.500 l.000 
lvIg; 0.385 0.600 0.921 
Ivlg; 0.616 0.401 0.921 
!I/l g~1 0.125 0.375 0. 876 
Mg~1 0.629 0 881 O. 75 
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Table 6.17: Coordinates of the point defects present in seven super-cells contain-
ing defect clusters. CooTdinates. x, y and Z aI'e cal"tesian coordinates and are 
pTesented as multiples of the lattice constant. A magnesium atom lies at (0, 0, 
0) 
Defect Cluster Point Defect x y Z 
{AI; : Mg~,} V" ~Ig 0.751 0.250 0.751 
Mg; 0.865 0.139 0.827 
AI; 0.639 0.357 0.825 
Mg~1 0.375 0.125 0.876 
{AI;H : 2Mg~I} V" t-. Ig 0.751 0.250 0.751 
Mgj 0863 0. 138 0.826 
Al , 0.639 0.362 0.827 
:vlg~1 0.375 0.125 0.876 
Mg~1 0.876 0.626 0.876 
{f\ I;' : 3ivlg~~I} V" r-. !g 0751 0.250 0.751 
IvIg.; 0.860 0.142 0.821 
AI , 0.635 0.366 0.836 
Mg~~1 0.375 0.125 0.876 
Mg~1 0 876 0.626 0.876 
Mg~1 0.626 0. 366 0.375 
{Mgj : Alhlg : On V 0 0389 0.389 0389 
0" , 0.448 0.249 0.403 
0" , 0.249 0.448 0403 
AI~lg 0250 0.250 0.250 
V" i\ {g 0.000 0.000 0.000 
Mg; 0.103 0.103 0.070 
ivIg;' -0.109 -0109 0.081 
{Mg; : on v 0 0389 0.389 0389 
0" , 0.461 0.260 0.419 
0" , 0.260 0.461 0419 
V" ~Ig 0.250 0.250 0.250 
Mg; 0.140 0.140 0.167 
Mg; 0.345 0. 345 0234 
{V6 : V~1g} V 0 0 889 0.889 0389 
V" Mg 0751 0.751 0.250 
{V6: V~d v 0 0.889 0.389 0.889 
V'" Al 0.876 0.626 0.889 
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Table 6.1 8: Binding energies fo r the def ect ciuste1'S computed using both DFT and 
empirical potentials. 
# Cluster Binding Energy (eV) 
OFT El' (shell s) El' (no shells) 
1 {V6 : Mg~l} -0.57 -1.55 -1.85 
2 {V6 : 2Mg~l} -0.89 -2.49 -3.01 
3 { V~ lg : AI ~lg } -0.10 -0. 81 -0.91 
4 {VK,g : 2A 1 ~ l g } -0.0025 -1.39 -1.54 
5 {V;('I : AI ~ l g } -0.36 -1.45 -1.72 
6 {VIIf Al : 2AI ~'lg } -0.89 -2.61 -3.20 
7 {VIII Al : 3AI ~'l g } -0.72 -3.48 -4.16 
8 { Mg~1 • AI ~ lg } -0.15 -048 -060 
9 {O;' • AI ~ lg } -0 .83 -1.73 -2.36 
10 {O"'?AI } i . '-' t\ lg -1.32 -2.82 -4.57 
11 {Mg; : iVlg~l } -036 -1.04 -1.24 
12 { I\g; : 2iVlg~l } -0.67 -1.73 -2.10 
13 {AI; : Mg~l } -0.44 -1.51 -1.82 
14 {AI; : 2IVlg~l } -0.83 -2.45 -3.01 
15 {AI;H : 3Mg~l} -0.94 -3.36 -4.04 
16 { l\Jlg . AI . Oil} 
. i ' l\[g ' i -1.28 -3.53 -5.44 
17 {rVlg; : On -0.32 -1.91 -2.17 
18 {v . V" } o · Alg -2.04 -4.06 -4.57 
19 {V6 : V;(,J -2.01 -4.67 -5.35 
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Figure 6.11: Graphs that show I,he con'Ue~qence of binding ene~gies of defect dllS-
tel'S . Gmph fL) shows clusters containing vacancies, luhel'eas gmph b) shows clus-
ters consisting of interstitial atoms. Each clustel' is numbered, and the corre-
sponding clltsters are described in table 6.18. 
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Mg~ 1 + Al ~lg + !vlg~l g -+ {Mg; : Mg~a + {V~ l g : Al ~lg } , 
2Mg~1 + 2Al~ lg + Mg~'g -+ {Mg; : 2 rvJg~ l} + {V~lg : 2AI~ l g } , 
~ l g~1 + AI~lg + AI ~I -+ {AI;H : Mg~l } + {V;~I : AI~ l g }. 
2Mg;\1 + 2AI~ l g + AI~I -+ {Al jH : 2Mg~l } + {V;('I : 2AI~ l g } , 
3Mg~1 + 3AI~'lg + AI ~I -+ {AI; : 3Mg:~I } + {V;('I • 3AI ~'l g } , 
Ylg;\1 + AI~lg + 0 0 -+ {OZ : AI~lg } + {Va : :Vl g~I } ' 
2rvrg~1 + 2AI~lg + 0 0 -+ {oZ: 2AI ~ l g } + {Va • 2Mg~I }' 
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In addi tion to these clusters \Vh ich comprise Frenkel defects, there is a possi-
bility for a reaction to fo rm a Schottky defect, as expressed using the follo\Ving 
process, 
The method to compu te the energies of these processes is s imilar to that of 
comput ing binding energies . Energies of cells containing clustered and isolated 
defects are found , and these are combined together. T he energies of cells con-
tain ing the isolated defects are added together to form t he left hand sides of t he 
processes, and tbis summa.tion is then sub tr a.c ted from the energies of the C0111-
b inations of clusters present on t he right hand side. Energies are balanced by 
included energy of enough perfect IVlgAI20 4 uni t cells to balance the quantity of 
atoms present on ea h side of t he process. 
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The energies of these processes are shown in table 6.19 , which have been 
ca lculated using the values for the converged binding energies located in table 
6.18. The convergence of t he reaction energies is shown in figure 6.12. The 
exclusion being for the isolated Frenkcl case; the convergence for these reactions 
is identical to that shown for the isolated point de fect formation energies. 
Table 6.19: Enelg'ies f01' defect pmcesses. Values aTe normalised peT defect 
fanned. 
Process Cluster Energy (eV) 
OFT E. P. (shells) EP 
~ I g Frenkel (a) Isolated 334 5.41 6.19 
Mg F\'enkel (b) Dimer 3.10 4.49 5.11 
Mg Fren kel (c) Trimer 3.09 385 4.38 
AI Frenkel (d ) lsolated 4.39 686 7.55 
AI Frenkel (e) Dimer 3.98 5.38 5. 78 
AI Frenkel (f) Trimer 3.52 4.27 4.68 
Al Frenkel (g) Tetramer 3.56 3.44 3.46 
o Frenkel (h) Isolated 4.43 5.49 6.25 
o Frenkel (i) DimeI' 3.73 382 4. 14 
o Frenkel (j) Trimer 333 2.84 2.84 
Schottky (k) Isolated 3.53 5.32 599 
Schottky (I) Dimer 3.08 3.90 4.31 
Schottky (m) Trimer 2.77 2,95 3.29 
Comparing the DFT results with those generated using empirical potentials 
indicates the same trend in that processes creating isolated defect cluste r possess 
the highest energy, with a decrease of this energy as dimers and trimers are 
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Figure 6. 12: Graphs that sh.ow the convcl~qence of l'eaction energies of def ect clus-
ters. Labels Tefer' to the pl'Ocesses as described in table 6.19. The number of atoms 
is taken from the smallest cell within each calwlation. 
considered. Also, it is of interest to not,e that DFT indicates that the formati on 
of the tetmmer cluster for the aluminium Frenkel defect has a slight ly higher 
energy (3.56 cV) than that of the isolated, dimer and t rimer aluminium defects. 
This trait is not observed when using empirical potentials, and so this may be 
an indi cat ion that the supercells are not of adequate size fo r much larger defect 
clusters. Of the Frenkel defects, empirica l potentials predict that it is the oxygen 
defects are the domi nant reactions, but DFT indicates that it is the magnesi um 
defects that have the lower reaction energies. Both methodologies agree that t he 
Schottky process energies are t he smal lest and arc so t his reaction is the dominall t 
onc out of those considered. 
[n addition to these Frenkel and Schottky defects, Ball et al. also mentioned 
the possibili ties of cl ustering of ant i-sites with simple vacancies and interstitials. 
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These process are shown below, with reaction energies displayed in table 6.20. 
Alt hough empirical potentials again overestimate the OFT energies, the order 
of favourabi li ty is consistent between methodologies. 
Table 6.20: Eneryies for' defect processes. Values aTe normalised per' defect 
formed. 
Defects formed Energy (e V) 
OFT Empirical Potential 
{V~I : 2AI ~ l g } + AI~lg 0.24 0.43 
{VK,g : 2AI~'lg} + fl l g~1 0.40 1.03 
{Mg;' : 2f1 1g~l } + AI ~ l g -0.80 -1.00 
{AI; : 2Mg;\I} + Mg~1 1.43 2.46 
6.14 D efect Concentrations 
Computing formation energies is useful for determining the likel ihood of the for-
mation of types of defect, but to create a more accurate description of the quantity 
of each defect or defect cluster, concentrations can be calculated. Using the pro-
cesses that have been described previously in section 6.14 along with the following 
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seven processes decribing the clustering of defects [61], 
a series of Il onlinear mass act ion equations is formed [62]. These equat ions are 
dependent upon t he concent rations of each defect and defect cluster under COll-
sideration. They are formed using t he law of mass action , here the concentrations 
are proport ional to the ratio of rate constants at a specified temperature. 
[Al ] [VIII] = ' ( _ H3) 
• AI exp kT 
[0 "] [\,..]_ ( _ H'I) i 0 - exp kT ' 
[V" 1 [VIII]2 [V]4 _ , ( _ H5) ~Ig AI 0 - exp kT ' 
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[AliJ ( H7) 
[ ] 
= exp --[rvlgiJ AI ~lg kT ' 
[ { V~I. : 2A I~'l g } ] (fIB) 
[V" 0] [AI ]2 = ex]) - kT ' ~Ig ivlg 
[{!VIg; : 2Mg;\I} J ( fI9) 
2 = exp - - , [Mgil [M g~d kT 
[ {V~~I : 2AI~lg}] ( fI lO) 
= cxp - -[V'" I [AI ]2 kT ' 
.J\J ~Ig 
[{A liH : 2r-.l g~I}J = ex) ( _ HII) 
[Al J [MoJ J2 I kT ' t • cAI 
[{VG : 2~[g;\I} J = exp ( _ fI12) 
[VGJ [Mg~d2 kT ' 
[ {O~ . 2AI~ l g } ] = exp ( _ H 13 ) 
[O"J [AI ]2 kT ' L i\ lg 
[{ AI~lg : Mg;\I} ] _ . (_ [-[1<1) 
[ . 1 [ 'J - cxp . A I ~lg MgA1 kT 
To ensure charge neutrality throughout the system, Z+ = Z- where 
Z+ = 3 [Al iJ + 2 [MgiJ + 2 [V6J + [A I ~ l gl + [{AI;H • 2Mg~I } J, 
One fin al equation, necessary for maintaining stoich iometry is given by 
H ( [V;~IJ + [{V~I : 2Ar~lg } J + [V~ l g] + [{V~lg : 2AlMg }']) -
( [AliHJ + [{Ali : 2Mg~I }'1 + [MgiJ + [{Mgi: 2Mg~l } x ]) } 
120 
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This system of fifteen nonlinear equations has been solved using Newton's ~ I ethod 
for a variety of temperatures in the range of 10001< to 2000K. The resulting con-
centrations are plotted in figure G.13 (b). In addition to results obtained us-
ing OFT, empirical potentia Is have been utilised to compute the conccntrations 
with the results displayed in figure 6.13 (a). The overall trends between the two 
graphs indicate a sign ificant variation between predictions of t he two method-
ologies. Both computational modelling techniques predict a high concent rat ion 
of anti-site defects, both isolated and in pairs, and predict a similar magnitude 
of conccntration for these defects. Also in agreement is the fa ct tha t aluminium 
interstitial defects, and clusters containing aluminium interstitials. havc t he low-
est concentrat ions, although empirical potential simulat ions underestima.te the 
magnitude of these. Magllitudes of defect concentrat ions are , in general, under-
est imated by the empirical potentials, as was expected from the overestinlat ions 
of form ation energies described earlier. 
Differences between the two methodologies are much more apparent. The 
empi ri cal potential simula.tions predict generally a lal'ger concentration of defect 
clusters that contain vacancies. This is not true for the OFT results, as they show 
no particular favou ritism of either vacancy or interstitial defects, although OFT 
results indicate that magnesium interstitials and clusters containing a magnesium 
interst it ial have relatively large concentrations. Empiricial potential simulations 
di sagree with t his and indicate that these magnesium interstitial defects should 
have relat ively small concentrat ions. 
6.15 Conclusions 
Much like the study of magnesium oxide, the OFT calculations performed on 
magnesium aluminate spinel were carried out par tially to compare with t he cner-
getics t hat were previously obtained using empi rical potent ials. T he point defect 
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Figure 6.13: Concentrations of defects and defect clusters in spinet. Figu!'e (a) 
corresponds to concentrations computed using DFT-computed eneryies and figu1'C 
(b) corresponds to the empirical l)otential calculations. 
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structures that were considered were those found to occur in cascade simula-
tions. Formation energies of pairs of ant i-sites predicted by empirical potential 
simulations agreed wit h the DFT computations, a lthough were slight ly overesti-
mated. Both D FT and the classical potential indicated that format ion energies 
for these defects were small , and increased as t he sepru·ation of the lleighbouring 
anti-sites was increased. DFT resu lts indicated that a pair of isolated antis ites is 
more energetical ly favourable than all but first nearest neighbour defects. Both 
methodologies agree that the most favourable anti-site structure is t hat of when 
both anti-sites are fir st nearest neighbours. The low formation energies are ex-
pected as natura lly oceuring spinel is known to possess ant i-site defects. 
Two configurat ions of magnesium interstitial atoms were studied using DFT. 
Both of t hese ini t ial configurations, when relaxed , were found to form a spli t-
interstitial around the vacant magnesium site. It was fo und that the lowest 
formation energy (of less t han 6.7 eV) came from a rocksalt-like structure with 
magnesium atoms sitting near octahedral previously-vacant sites. These are on 
opposite corners of a smaller cube which also comprises of oxygen atoms. Em-
pirical potent ial simulations also show that this structure is preferable, hav ing a 
energy of 0.4-0.6 less than the alternative structure. This more favourab le struc-
t ure may be thought of as the result of a part ial rocksalt-like t ransformation. 
Aluminium in terst it ials were Joulld to be unfavourable whell configurations 
consisted of either isolated or split aluminium-aluminium interstit ials (DFT com-
puted formation energies of over 9.7 e V and 17.2 e V for each of these respec-
tively) . It was found that a spli t aluminium-magnesi ulll interst it ial had the more 
f111'0urable structure with a formation energy of less than 8.8 e V. T his is approx-
imately 2 eV higher than t he lowe t format ion energy of allY magnesiulll spli t 
interstitial structure. Few aluminium interstit ials were found using the classical 
molecular dynamic· modelling approach, but when they were, they formed eit her 
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a magnesium-aluminium spli t interst it ial or a more complicated ring defect. which 
comprised of three aluminium interstitials and three alumin ium vacancies. We 
studied this ring defect using OFT and found the formation energy to be 7.34 eV. 
The empirical potential model predicts a formation energy of 10.2 eV. Empirical 
potential simula.tions have previously indicated t hat the AI-Mg split interstitial 
is unstable. In fact, a more favourab le structure is a {AI"lg : Mgi - V"lg - [vlg,} 
cluster. Our work using OFT has verified that this cluster is expected to have a 
lower energy than t he AI-Y[g spli t interstitia l. This conclusion is reached byob-
serving the format ion energy of bot h the isolated anti-site and formation energy 
for the iVlg-ivlg spli t in terstitial. 
The general trend is that empirical potentials overestimate the formation en-
ergies computed using the more accurate ab-initio methodology, but correct ly 
assess the relat ive favourability of defect structures. A possible reason for this 
might be that t he Coulomb interactions using the full fixed charge model is too 
strong. The Bader analysis shows that the charges are 11-15% less. 
Roeksalt- like structures for magnesium spli t interstit ials are found to be the 
most favourable magnesium interstit ial structure, and aluminium interstitials are 
found to form spli t interstitia ls with magnesium atoms. This is t rue for both 
methodologies. 
The magnitudes of binding energies of clustered defects were overestimated 
by 3 to 4 t imes with empirical potential simulations but, again, the order of 
magnitudes is correctly predicted. Both methodologies agree in indicat ing that 
binding of defects to form clusters is prefera ble to their isolated counterparts. 
Utilising these cluster energies to compute energies of defect processes allowed us 
to compare concentrations of isolat d defects and defect clusters predicted by the 
two methodologies. 
Concentrations computed using OFT-acquired process energies were found to 
CHAPTER 6. MAGNESIUM ALUMINATE SPINEL 125 
be higher t han the empirical potent ial calculations suggested. With t he exception 
of anti-site defects, concentrations of defects and defect clusters compu ted using 
t he empirica l potentia Is did not agree with t he DFT results. Both methodologies 
did however predict t hat aluminium interstitial defects and clusters have the 
lowest concentra.tions. 
Chapter 7 
Conclusions and Future Work 
Two oxide materials, namely magnesium oxide and magnesium aluminate spinel, 
were st udied from a first principles viewpoint using OFT. OFT cOlllPutat ions in 
supcrcells as large as 180 atoms provided wel l-converged values of form ation en-
ergies for the calc ulations in MgO. The computations of defect form at ion energies 
in spine! were not as well-converged and cell sizes of up to 224 atoms were used . 
It was found using t he more accurate ab-initio me hodology t hat empirical po-
tent ials captured the main t rends of t he behaviour of defects but the pred ict ions 
of form ation energies of some defects, especially t hose in IVlgAI20 4 , diIfered to 
energies found using DFT. The study of defect t ransitions in iVlgO using DFT 
provided assurance that t he previously calculated results using empirical poten-
tials are realistic, although empirical potentials predict t hat isolated magnesium 
interstit ial diffusion is more favomable than diffusion of an isolated oxygen in-
terstit ial. This di sagrees with the OFT calculations. A fixed charge model is 
assumed for t he empirical potential simulations, and OFT computations, along 
wi t h a Bader analysis, of t he charge transfer during transitions indicates t hat 
there is very little charge t ransfer. 
The empirical potentials overestimated the magnit udes of all defects forma-
tion energies in NlgAI20 4 . Although the shell model was found to be closer to 
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the DFT resul ts , point defect formation energies computed using the empirical 
potential were larger by up to 2 t imes, and bi nding energies of clusters were larger 
by 3 to 4 times. The DFT results verified that the lowest energy structures for 
each type of defect were the same as those ca lcu lated using empirical potentials. 
Because the empirical potent ial simulations predict higher formation energies for 
all defects in spinel , it is likely that t his methodology would underest imate the 
quantity of defects formed in a radiation event compared to the ab-initio method-
ology. This t rend is also apparent in the calculat ions of defect concentrations, as 
magnitudes of concentrations computed using the empirical potential methodol-
ogy arc significantly smaller than those computed using DFT. 
7.1 Future Work 
This study could be continued or expanded in a number of ways. Transit ion bar-
rier energies were computed in magnesium oxide using density fu nctional theory. 
It would also be of interest to consider such barriers fo r the variety of different 
defects in spineJ. Previous studies have analysed the mobi lity of defects within 
spinelusing temperature accelerated dynamics. An obvious further point of study 
is to compare findings using t his methodology with results obtained from an ab-
initio perspective. Specific transit ions of interest could be the interchanging of 
anti-site defects or the mobility of the lower energy magnesium interstitial defects. 
It would also be of interest, with increased computer power, to consider larger 
defect clusters in lvlgO. Empirical potential studies have predicted a hexamer 
cluster. OFT could be used to verify the validity of the predictions of the mobility 
of this particular cluster. F\lture ab-initio calculations could be carried out by 
maintaining constant pressure instead of constant volume, as was the case for t he 
rela.xation of anti-site defects using empirical potentials. 
In addition to the studies that could be carried out on MgAhO'I, other ox-
----------------- - --- --------------------
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ide materi als could be considered. Previous work with empirical potentia ls has 
invest igated the half inverse magnesium-gallium spinel (!V[gGa204 ) and t he fully 
inverse magnesium-indium spinel (Mgln204 ) are possibilities . The empirical po-
tentials predict t hat t he defects are more easily trapped in the inverse spillels and 
a recombination of defects after t he ballist ic phase of a cascade does not occur 
so readily as in normal spinel. It would be of interest to determine if DFT can 
predict the experimentally observed levels of inversion and whether t he predict ion 
of defect trapping is valid. Previous work by Sickafus et a.l. [63) computed t he 
radiation tolerance of a number of oxide materials, based on t he ability of t he 
material to accommodate point defects. Compounds with similar sized cations 
were shown to accommodate anti-site defects more readi ly. DFT could be used 
to help vcr ify this finding. 
Diffusion of defects within these ma teria ls could be studied in greater detail 
by using a technique such as the dimer method [64). One drawback of the nudged 
elast ic band method is that it requires prior knowledge of both the initial state 
of the system and the state of the system at t he cnd of t he specified transition. 
The dimer method, however. 1V0uld potent ia lly discover all possible t rans itions 
from one initial defective state. 
In addition to computing barrier energies , it would be useful to compute tran-
sit ion rates as these meaSLlre how frequently a part icular t ransition will occur. The 
rate constant of a transition is given by the Arrhenius equation Tij = v'e- E"lk /J1' 
where the attempt frequency v' is usually assumed to be constant. Vineyard [65) 
shows that the attempt frequency can actua lly be computed , separately for each 
defect. This process could be used to calculate the diffusion rates of each defect . 
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